Chapter 1

(RELATIONS AND FUNCTIONS)

1.1 Overview

1.1.1 Relation

A relation R from a non-empty set A to a non empty set B is a subset of the Cartesian
product A x B. The set of all first elements of the ordered pairs in a relation R from a
set A to a set B is called the domain of the relation R. The set of all second elements in
arelation R from a set A to a set B is called the range of the relation R. The whole set
B is called the codomain of the relation R. Note that range is always a subset of
codomain.

1.1.2 Types of Relations

Arelation R in a set A is subset of A x A. Thus empty set ¢ and A x A are two extreme
relations.
(1) Arelation R inasetAis called empty relation, if no element of A is related to any
element of A,i.e, R=0 C AxA.

(i) Arelation R in a set A is called universal relation, if each element of A is related
to every element of A, i.e., R=A xA.

(iii)) A relation R in A is said to be reflexive if aRa for all ae A, R is symmetric if
aRb = bRa, v a, b € A and it is said to be transitive if aRb and bRc = aRc

¥V a, b, c € A. Any relation which is reflexive, symmetric and transitive is called
an equivalence relation.

@~ Note: An important property of an equivalence relation is that it divides the set
into pairwise disjoint subsets called equivalent classes whose collection is called
a partition of the set. Note that the union of all equivalence classes gives
the whole set.

1.1.3 Types of Functions
(1) A function f: X — Y is defined to be one-one (or injective), if the images of
distinct elements of X under f are distinct, i.e.,
x,x, € X, f(x)=f(x)= x =x,.
(i) Afunction f: X — Y is said to be onto (or surjective), if every element of Y is the
image of some element of X under f, i.e., for every y € Y there exists an element
x € X such that f'(x) = y.
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A function f: X — Y is said to be one-one and onto (or bijective), if fis both one-
one and onto.

Composition of Functions

Letf : A— B and g : B — C be two functions. Then, the composition of f and
g, denoted by g o f, is defined as the function g o f: A — C given by

gof()=g () v xeA.
Iff:A— Bandg:B — C are one-one, then g of: A — Cis also one-one
Iff:A— Bandg:B — C are onto, then g 0o f: A — C is also onto.

However, converse of above stated results (ii) and (iii) need not be true. Moreover,
we have the following results in this direction.

Letf: A— Band g : B — C be the given functions such that g o f is one-one.
Then fis one-one.

Letf: A— B and g : B — C be the given functions such that g o f is onto. Then
g is onto.
Invertible Function

A function f: X — Y is defined to be invertible, if there exists a function
g:Y — Xsuchthatgof=1 and fo g=1,. The function g is called the inverse
of fand is denoted by f .

Afunction f: X — Y is invertible if and only if fis a bijective function.

If f: X—>Y ¢g:Y—> Zand h : Z — S are functions, then
ho(gof)y=(hogof

Let f: X > Yand g:Y — Z be two invertible functions. Then g o fis also
invertible with (g 0o ' =f"1 o gl

Binary Operations

A binary operation * on a set A is a function % : A x A — A. We denote * (a, b)
by a # b.

A binary operation * on the set X is called commutative, if a « b = b = a for every
a, b e X.

A binary operation % : A x A — A is said to be associative if
(a*b)+xc=a=(b=c), foreverya, b, c € A.

Given a binary operation * : AX A — A, an element e € A, if it exists, is called
identity for the operation +,ifa xe=a=exa, v a € A.
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(v) Given a binary operation = : A X A — A, with the identity element e in A, an
element a € A, is said to be invertible with respect to the operation =, if there
exists an element b in A such that a « b=e = b % a and b is called the inverse of
a and is denoted by a™'.

1.2 Solved Examples

Short Answer (S.A.)

Example 1 Let A= {0, 1, 2, 3} and define a relation R on A as follows:
R =1{(0,0), (0, 1), (0, 3), (1, 0), (1, 1), (2, 2), (3, 0), (3, 3)}

Is R reflexive? symmetric? transitive?

Solution R is reflexive and symmetric, but not transitive since for (1, 0) € R and
(0, 3) € R whereas (1, 3) ¢ R.

Example 2 For the set A = {1, 2, 3}, define a relation R in the set A as follows:
R={(1,1),(2,2),(3,3),(1,3)}.
Write the ordered pairs to be added to R to make it the smallest equivalence relation.

Solution (3, 1) is the single ordered pair which needs to be added to R to make it the
smallest equivalence relation.

Example 3 Let R be the equivalence relation in the set Z of integers given by
R = {(a, b) : 2 divides a — b}. Write the equivalence class [0].

Solution [0] = {0, 2, + 4, +6,...}

Example 4 Let the function f: R — R be defined by f(x) =4x -1, v x € R. Then,
show that f'is one-one.

Solution For any two elements x, x, € R such that f (x)) = f (x,), we have
dx, —1=4x,-1
= 4x, =4x, ie., x =x,

Hence fis one-one.

Example 5 If f= {(5, 2), (6, 3)}, g ={(2,5), (3, 6)}, write fo g.

Solution fo g ={(2,2), (3, 3)}

Example 6 Let f: R — R be the function defined by f(x) =4x — 3 v x € R. Then
write f L.
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Solution  Given that f (x) = 4x — 3 = y (say), then
4x =y+3

_y+3
YTy

y+3 x+3
Hence o= e = [T = e

Example 7 Is the binary operation % defined on Z (set of integer) by
msn=m-n+mn yYm,n € Z commutative?

Solution No. Since for 1,2 e Z,1 *2=1-2+12=1while2*1=2-1+2.1=3
sothat 1 «2#2 % 1.

Example 8 If f = {(5, 2), (6, 3)} and g = {(2, 5), (3, 6)}, write the range of fand g.

Solution The range of f= {2, 3} and the range of g = {5, 6}.

Example 9 If A= {1, 2, 3} and f, g are relations corresponding to the subset of A x A
indicated against them, which of f; g is a function? Why?

f=1{(1,3),(2,3),3,2)}
g=1{(1,2),(1,3),3, D}
Solution f is a function since each element of A in the first place in the ordered pairs

is related to only one element of A in the second place while g is not a function because
1 is related to more than one element of A, namely, 2 and 3.

Example 10 If A= {a, b, ¢, d} and f = {a, b), (b, d), (c, a), (d, c)}, show that fis one-
one from A onto A. Find .

Solution fis one-one since each element of A is assigned to distinct element of the set
A. Also, fis onto since f (A) = A. Moreover, f ! = {(b, a), (d, b), (a, ¢), (¢, d)}.

Example 11 In the set N of natural numbers, define the binary operation by m « n =
g.c.d (m, n), m, n € N. Is the operation * commutative and associative?

Solution The operation is clearly commutative since
mxn=g.cd(@mn)=gcdm,m=n+m ym,ne N.
It is also associative because for [, m, n € N, we have
l+(m=n)=g. c.d( gcd(m,n))
=g.cd. (g c. d(l, m), n)

=(l*m) = n
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Long Answer (L.A.)

Example 12 In the set of natural numbers N, define a relation R as follows:
v n, m € N, nRm if on division by 5 each of the integers n and m leaves the remainder
less than 5, i.e. one of the numbers 0, 1, 2, 3 and 4. Show that R is equivalence relation.
Also, obtain the pairwise disjoint subsets determined by R.

Solution R is reflexive since for each a € N, aRa. R is symmetric since if aRb, then
bRa fora, b € N. Also, R is transitive since for a, b, c € N, if aRb and bRc, then aRc.
Hence R is an equivalence relation in N which will partition the set N into the pairwise
disjoint subsets. The equivalent classes are as mentioned below:

A,=1{5,10,15,20 ...}
A =1{1,6,11,16,21 ..}
A ={2,7,12,17,22, ..}
A, =1{3,8,13,18,23, ..}
A, =1{4,9,14,19,24, ..}
It is evident that the above five sets are pairwise disjoint and

4
AyUA UA UAUA, = UA =N,

X
Example 13 Show that the function f: R — R defined by f(x) = 241

,VxeR g

neither one-one nor onto.

Solution For x,, x, € R, consider

f&x)=f(x)
)
= 24+l 241

= X, X+ X, = X, X+ X,

= x,x,(x,— x) =x,— X,
=x,=x, or x,x,=1

We note that there are point, x, and x, with x, # x, and f (x,) = f (x,), for instance, if

1 2 2 1
we take x, =2 and x, = E, then we have f(x)) =§ and f (x,) = g but 2¢E. Hence

f1is not one-one. Also, fis not onto for if so then for e R 3 x € R such that f(x) = 1
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which gives

5 1=1 . But there is no such x in the domain R, since the equation
X+

x* —x + 1 =0 does not give any real value of x.
Example 14 Let f, g : R — R be two functions defined as f (x) = |x| + x and

g ()= |x| —x V¢ x € R. Then, find fo gand g o f.
Solution Here f (x) = |x| + x which can be redefined as

2xif x20
F®=70if x<0

Similarly, the function g defined by g (x) = |x| — x may be redefined as

0if x>0

g ()= {—2x if x<0
Therefore, g o f gets defined as :
Forx20,(gof) () =g (fx)=¢g(2x)=0
and forx<0,(gof) () =g (fx)=g(0)=0.
Consequently, we have (g o f) (x) =0, v x € R.
Similarly, f o g gets defined as:
Forx>0, (fog) ) =f(g (x)=f(0)=0,
and for x <0, (fo g ) (x) =f(gx) =f (-2 x) = — 4x.

0,x>0

ie. (fog)(x)= {_4x’x<0

Example 15 Let R be the set of real numbers and f: R — R be the function defined
by f (x) = 4x + 5. Show that fis invertible and find f~'.

Solution Here the function f: R — R is defined as f (x) = 4x + 5 =y (say). Then

-5
dx=y-5 or x=y—.
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This leads to a function g : R — R defined as

g = yT_S.
Therefore, (gof)y()=gfx)=g@x+)5)
4x+5-5
==, =
or gof =1,
Similarly (fog) ) =rfEH)

or fog =1
Hence f'is invertible and f~' = g which is given by

5

X

—1 — —
frm==
Example 16 Let * be a binary operation defined on Q. Find which of the following
binary operations are associative

i) axb=a-bfora, be Q.

b
(ii) a*bz%fora,be Q.

(i) axb=a-b+abfora,be Q.

(iv) a=b=ab*for a,be Q.

Solution

(1) =* is not associative for if we take a = 1, b =2 and ¢ = 3, then
(axb)yxc=(1%2)%*3=(1-2)%*3=-1-3=-4and
axbxc)y=1+2%3)=1x2-3)=1-(-1) = 2.
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Thus (a * b) * ¢ # a * (b * ¢) and hence * is not associative.

(i) = is associative since Q is associative with respect to multiplication.

(iii) = is not associative for if we take a =2, b = 3 and ¢ = 4, then
(axb)xc=2%3)x4=2-3+6)x4=5+%+4=5-4+20=21,and
axbxc)=2+B+4)=2xB3-4+12)=2%x11=2-11+22=13
Thus (a = b) * ¢ # a % (b * ¢) and hence = is not associative.

(iv) = is not associative for if we take a = 1, b = 2 and ¢ = 3, then (a * b) * ¢
1%2)x«3=4%x3=4x9=36andaxb+c)=1*%x2=x3)=1=x%18
1 x182=2324.

Thus (a = b) * ¢ #a % (b = ¢) and hence = is not associative.

Objective Type Questions

Choose the correct answer from the given four options in each of the Examples 17 to 25.

Example 17 Let R be a relation on the set N of natural numbers defined by nRm if n
divides m. Then R is

(A) Reflexive and symmetric (B) Transitive and symmetric
(C) Equivalence (D) Reflexive, transitive but not
symmetric

Solution The correct choice is (D).

Since n divides n, v n € N, R is reflexive. R is not symmetric since for 3, 6 € N,
3 R 6 #6 R 3. R is transitive since for n, m, r whenever n/m and m/r = nlr, i.e., n
divides m and m divides r, then n will devide r.

Example 18 Let L denote the set of all straight lines in a plane. Let a relation R be
defined by [Rm if and only if / is perpendicular to m v [, m € L. Then R is

(A) reflexive (B) symmetric
(C) transitive (D) none of these
Solution The correct choice is (B).

Example 19 Let N be the set of natural numbers and the function f: N — N be
defined by f(n) =2n + 3 \vn € N. Then fis

(A) surjective (B) injective
(C) bijective (D) none of these
Solution (B) is the correct option.

Example 20 Set A has 3 elements and the set B has 4 elements. Then the number of

20/04/2018



RELATIONS AND FUNCTIONS 9

injective mappings that can be defined from A to B is

(A) 144 B) 12

) 24 (D) 64
Solution The correct choice is (C). The total number of injective mappings from the
set containing 3 elements into the set containing 4 elements is ‘P, = 4! = 24.

Example 21 Let f: R — R be defined by f(x) =sin x and g : R — R be defined by
g (x)=x*thenfo gis

(A) x*sinx (B) (sin x)?
(C) sin x? (D) Slxnzx

Solution (C) is the correct choice.

Example 22 Let f: R — R be defined by f (x) = 3x— 4. Then f ' (x) is given by

(A) 3 (B) 3
(C) 3x+4 (D) None of these

Solution (A) is the correct choice.
Example 23 Let f : R — R be defined by f (x) = x> + 1. Then, pre-images of 17
and — 3, respectively, are

(A) q)’ {47_4} (B) {37_3}’¢

(C) {47_4}’¢ (D) {4a_47 {2’_2}
Solution (C) is the correct choice since for f1 (17)=x=f(x)=17or x>+ 1 =17
= x=zx4or f1(17) ={4,-4}andforf'(B)=x=>f(x)=-3 =>x*+1
=-3 = x>=—4and hence f ' (- 3) = ¢.

Example 24 For real numbers x and y, define xRy if and only if x — y +./2 is an
irrational number. Then the relation R is
(A) reflexive (B) symmetric
(C) transitive (D) none of these
Solution (A) is the correct choice.
Fill in the blanks in each of the Examples 25 to 30.

Example 25 Consider the set A= {1, 2, 3} and R be the smallest equivalence relation
on A, then R =
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Solution R ={(1, 1), (2, 2), (3,3)}.

Example 26 The domain of the function f: R — R defined by f (x) = ./ x> —3x+2 is
Solution Here x> —3x+22>0
= -1)x-2)=0
= x<lorx=2
Hence the domain of f = (= oo, 1] U [2, o)
Example 27 Consider the set A containing n elements. Then, the total number of
injective functions from A onto itself is
Solution 7!
Example 28 Let Z be the set of integers and R be the relation defined in Z such that

aRb if a — b is divisible by 3. Then R partitions the set Z into pairwise
disjoint subsets.

Solution Three.

Example 29 Let R be the set of real numbers and  be the binary operation defined on
Rasaxb=a+b—-ab vy a, b e R. Then, the identity element with respect to the
binary operation  is

Solution 0 is the identity element with respect to the binary operation .

State True or False for the statements in each of the Examples 30 to 34.

Example 30 Consider the set A = {1, 2, 3} and the relation R = {(1, 2), (1,3)}.Risa
transitive relation.

Solution True.

Example 31 Let A be a finite set. Then, each injective function from A into itself is not
surjective.

Solution False.

Example 32 For sets A, B and C, let f: A — B, g : B — C be functions such that
g o fis injective. Then both fand g are injective functions.

Solution False.

Example 33 For sets A, B and C, let f: A — B, g : B — C be functions such that
g o f is surjective. Then g is surjective

Solution True.
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Example 34 Let N be the set of natural numbers. Then, the binary operation * in N
defined as a = b =a + b, v a, b € N has identity element.

Solution False.

1.3

EXERCISE

Short Answer (S.A.)

1.

N S A

10.

11.

12.

Let A = {a, b, ¢} and the relation R be defined on A as follows:

R = {(a, @), (b, ¢), (a, b)}.
Then, write minimum number of ordered pairs to be added in R to make R
reflexive and transitive.

Let D be the domain of the real valued function f defined by f (x) = q/25—x2 .
Then, write D.
Letf,g:R —R be defined by f(x) =2x+ land g (x) = x> -2, yx € R,
respectively. Then, find g o f.
Let f : R — R be the function defined by f (x) = 2x — 3 v x € R. write f .
If A= {a, b, ¢, d} and the function f = {(a, b), (b, d), (c, a), (d, ¢)}, write f ..
If f:R — R isdefined by f (x) = x> — 3x + 2, write f (f (x)).
Is g = {(1, 1), (2, 3), (3, 5), (4, 7)} a function? If g is described by
g (x) = owx + P, then what value should be assigned to o and P.
Are the following set of ordered pairs functions? If so, examine whether the
mapping is injective or surjective.
(1) {(x, y): x is a person, y is the mother of x}.
(i1){(a, b): a is a person, b is an ancestor of a}.
If the mappings f and g are given by
f={1,2),(3,5),&, DH}and g ={(2,3), (5, 1), (1, 3)}, write fo g.
Let C be the set of complex numbers. Prove that the mapping f: C — R given by
f(2) =1z, v z € C, is neither one-one nor onto.
Let the function f: R — R be defined by f (x) = cosx, v x € R. Show that fis
neither one-one nor onto.
LetX= {1,2,3}and Y = {4, 5}. Find whether the following subsets of X XY are
functions from X to Y or not.
® f=1{1,4),(1,5),(2,4),3,5} @ g=1{(1,4),(2,4),3,4)}
@  h={14),2,5), 3,5} iv)  k={14), (2 5}

13. If functions f: A— B and g : B — Assatisfy g o f=1,, then show that f is one-

one and g is onto.
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Let f: R — R be the function defined by f (x) = v X € R.Then, find

2-cosx
the range of f.
15. Letn be afixed positive integer. Define a relation R in Z as follows: v a, b € Z,
aRb if and only if a — b is divisible by n . Show that R is an equivalance relation.
Long Answer (L.A.)
16. IfA={1,2,3,4}, define relations on A which have properties of being:
(a) reflexive, transitive but not symmetric
(b) symmetric but neither reflexive nor transitive
(©) reflexive, symmetric and transitive.
17. Let R be relation defined on the set of natural number N as follows:
R = {(x, y): xeN, yeN, 2x + y = 41}. Find the domain and range of the
relation R. Also verify whether R is reflexive, symmetric and transitive.
18. Given A = {2, 3,4}, B ={2,5, 6, 7}. Construct an example of each of the
following:
(a) aninjective mapping from A to B
(b) amapping from A to B which is not injective
(c) amapping from B to A.
19. Give an example of a map
(i) which is one-one but not onto
(i1)) which is not one-one but onto
(iii) which is neither one-one nor onto.
x-2
20. Let A=R - {3}, B=R - {1}. Letf: A — B be defined by f (x) = -3
v X € A. Then show that f is bijective.
21. LetA=[-1, 1]. Then, discuss whether the following functions defined on A are
one-one, onto or bijective:
. X ..
M f=3 (i) g = [
(i) (x)=x|x] (iv) k(x) = x>
22. Each of the following defines a relation on N:

@) xis greater thany, x, ye N
(ii) x+y=10,x, ye N
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(iit) x y is square of an integer x, ye N
@iv) x+4y=10 x, ye N.
Determine which of the above relations are reflexive, symmetric and transitive.

LetA={1,2,3,..9} and R be the relation in A XA defined by (a, b) R (¢, d) if
a+d=>b+cfor(a, b), (c,d) in AXA. Prove that R is an equivalence relation
and also obtain the equivalent class [(2, 5)].

Using the definition, prove that the function f: A — B is invertible if and only if
f1s both one-one and onto.

Functions f, g : R — R are defined, respectively, by f (x) = x* + 3x + 1,
g (x) =2x -3, find

@ fog (i) gof (i) fof ) gog
Let = be the binary operation defined on Q. Find which of the following binary
operations are commutative

(i) axb=a-b vy a,be Q () axb=a*+0*v a,be Q
(i) axb=a+ab vy a,be Q iv) axb=(a-b?v a,be Q
Let « be binary operation definedon Rbya « b =1+ab, v a, b € R. Then the
operation  is

(i) commutative but not associative
(il) associative but not commutative

(i) neither commutative nor associative
(iv) both commutative and associative

Objective Type Questions

Choose the correct answer out of the given four options in each of the Exercises from
28 to 47 (M.C.Q.).

28.

29.

Let T be the set of all triangles in the Euclidean plane, and let a relation R on T
be defined as aRb if a is congruent to b v a, b € T. Then R is

(A) reflexive but not transitive (B) transitive but not symmetric
(C) equivalence (D) none of these

Consider the non-empty set consisting of children in a family and a relation R
defined as aRb if a is brother of b. Then R is

(A) symmetric but not transitive (B) transitive but not symmetric

(C) neither symmetric nor transitive (D) both symmetric and transitive
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30.

31.

32.

33.

34.

35.

36.

MATHEMATICS

The maximum number of equivalence relations on the set A= {1, 2, 3} are

(A) 1 B) 2

< 3 (D) 5

If a relation R on the set {1, 2, 3} be defined by R = {(1, 2)}, then R is

(A) reflexive (B) transitive

(C) symmetric (D) none of these

Let us define a relation R in R as aRb if a = b. Then R is

(A) anequivalence relation (B) reflexive, transitive but not
symmetric

(C) symmetric, transitive but (D) neither transitive nor reflexive

not reflexive but symmetric.
Let A= {1, 2, 3} and consider the relation
R={1,1),(2,2),3,3),(1,2),(2,3),(1,3)}.

Then R is

(A) reflexive but not symmetric (B) reflexive but not transitive

(C) symmetric and transitive (D) neither symmetric, nor
transitive

The identity element for the binary operation = defined on Q ~ {0} as

axb= a_2b va,be Q~{0}is

(A) 1 B) 0

© 2 (D) none of these

If the set A contains 5 elements and the set B contains 6 elements, then the

number of one-one and onto mappings from A to B is

(A) 720 (B) 120

< 0 (D) none of these

LetA={1,2,3,..n} and B = {a, b}. Then the number of surjections from A into

Bis

(A) "P, B) 2n-2

<) 2n-1 (D) None of these
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1
37. Letf: R — R be defined by f(x) = — v x € R. Then fis
X

(A) one-one (B) onto
(C) bijective (D) fisnot defined
X

38. Letf: R— Rbedefinedby f(x)=3x>-5andg: R—>Rby g (&) = m

Then g o fis

N 3x* -5 3x* -5

(D) 97 30.7 426 B) 9 627 +26

3x 3x?

© 4 D) 5 302
39. Which of the following functions from Z into Z are bijections?

(A) f)=x B) f)=x+2

©C) fo)=2x+1 (D) f(x):x2+]

40. Letf: R — R be the functions defined by f (x) = x* + 5. Then f~! (x) is

1

1
(A (x+5) B) (x-5)
1
©) (5-x)3 (D) 5-x
41.Letf: A — B and g : B — C be the bijective functions. Then (g o /)" is
(A flog! B) fog
€ glof! D) g of
R 3 _ 3x+2
42. Letf: R~ g — R be defined by f (x) = 50_3" Then
A [fTW=f® B) [T ®=-f
1
© (fof)x=-x (D) f“(X)=Ef(X)

x,if xisrational

43. Letf: [0, 1] = [0, 1] be defined by f (x) = {l—x if xisirrational
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44.

45

46

47.

.Let f: N — R be the function defined by f (x) =

MATHEMATICS

Then (fo f) x is

(A)  constant B) T+x

< x (D) none of these

Let f: [2, o0) — R be the function defined by f (x) = x> — 4x + 5, then the range
of fis

(A) R (B) [1,00)

©)  [4,0) (B) [5,00)

2

and g: Q = Rbe

3
another function defined by g (x) = x + 2. Then (g o f) 5 is

A) 1 B) 1
7
©) 3 (B) none of these
. Let f: R — R be defined by
2x:x>73
f(x)=3x*:1<x<3

3x:x<1
Thenf (- 1) +f(2)+f(4)is
(A) 9 B) 14
< 5 (D) none of these
Let f: R — R be given by f (x) = tan x. Then f~' (1) is
A z B z. Z
(A) 4 (){nﬂ:+4.ne}
© does not exist (D) none of these

Fill in the blanks in each of the Exercises 48 to 52.

48.
49.

50.

Let the relation R be defined in N by aRb if 2a + 3b = 30. Then R = —.
Let the relation R be defined on the set
A=1{1,2,3,4,5} by R = {(a, b) : la* — b* < 8. Then R is given by .

Let f=1{(1,2),(3,5), &, 1)and g={(2,3),(5,1),(1,3)}. Thengo f = ——
and fo g =
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RELATIONS AND FUNCTIONS 17

51.Let f: R — R be defined by f(x):ﬁ‘Then (fofof)x) =—
52.If f (x) = (4 — (x=7)*}, then f '(x) = ———.

State True or False for the statements in each of the Exercises 53 to 63.

53.LetR={(3,1),(1,3),(3,3)} be arelation defined on the set A= {1, 2, 3}. Then R
is symmetric, transitive but not reflexive.

54. Let f: R — R be the function defined by f (x) = sin (3x+2) v x € R. Then fis
invertible.

55. Every relation which is symmetric and transitive is also reflexive.

56. An integer m is said to be related to another integer n if m is a integral multiple of
n. This relation in Z is reflexive, symmetric and transitive.

57.Let A = {0, 1} and N be the set of natural numbers. Then the mapping
f:N —> Adefined by f(2n-1) =0, f(2n) =1, wn € N, is onto.

58.The relation R on the set A = {1, 2, 3} defined as R = {{1, 1), (1, 2), (2, 1), (3, 3)}
is reflexive, symmetric and transitive.

59. The composition of functions is commutative.

60. The composition of functions is associative.

61. Every function is invertible.

62. A binary operation on a set has always the identity element.

e O I ——
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Chapter 2

INVERSE TRIGONOMETRIC
FUNCTIONS

2.1 Overview

2.1.1 Inverse function

Inverse of a function °f” exists, if the function is one-one and onto, i.e, bijective.
Since trigonometric functions are many-one over their domains, we restrict their
domains and co-domains in order to make them one-one and onto and then find
their inverse. The domains and ranges (principal value branches) of inverse
trigonometric functions are given below:

Functions Domain Range (Principal value
branches)
- T
y =sin~'x [-1,1] =)
y = coslx [-1,1] [0,7]
-T T
— -1 s —,— —{0
y = cosec™'x R- (-1,1) ) {0}
s
y = sec™'x R- (-1,1) [0,7] — 5
_1 T
y=tan x )
y = cot''x R (0,7
Notes:

(i) The symbol sin'x should not be confused with (sinx)™. Infact sin"'x is an
angle, the value of whose sine is x, similarly for other trigonometric functions.

(i) The smallest numerical value, either positive or negative, of 0 is called the
principal value of the function.
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INVERSE TRIGONOMETRIC FUNCTIONS 19

(iii) Whenever no branch of an inverse trigonometric function is mentioned, we mean
the principal value branch. The value of the inverse trigonometic function which
lies in the range of principal branch is its principal value.

2.1.2 Graph of an inverse trigonometric function
The graph of an inverse trigonometric function can be obtained from the graph of
original function by interchanging x-axis and y-axis, i.e, if (a, b) is a point on the graph
of trigonometric function, then (b, a) becomes the corresponding point on the graph of
its inverse trigonometric function.

It can be shown that the graph of an inverse function can be obtained from the
corresponding graph of original function as a mirror image (i.e., reflection) along the
line y = x.

2.1.3 Properties of inverse trigonometric functions

-1 : X€e __7[ z
1. sin”! (sin x) = x : 5 o
cos7!(cos x) = x : xe[0,7]
-T T
tan~!(tan x) = x : X€ B
cot!(cot x) = x : xe (0,m)
T
sec’!(sec x) = x : x€[0,m] - 5
-T T
cosec!(cosec x) = x : xe —3 -{0}
2. sin (sin™ x) = x : x e[-1,1]
cos(costx) =x : x e[-1,1]
tan (tan™' x) = x : x eR
cot(cot! x) = x : x eR
sec(sec!x) =x : xeR - (-1,1)
cosec (cosec! x) = x xeR - (-1,1)
.o 1 -1
3. sinT — =cosec X - xeR-(-1,1)
X
o1 -1
cos” — =sec x - xeR - (-1,1)
X
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o1 -1
tan. — =cot x x>0
x
=—T+ cot'lx x<0
sin”! (—x) = —sin"lx x e[-1,1]
cos™! (=x) = T—cos~'x xe[-1,1]
tan™! (—x) = —tan"'x x eR
cot™! (=x) = m—cot™'x xeR
sec™! (=x) = m—sec'x xeR —(-1,1)
cosec”!' (=x) = —cosec™'x xeR —(-1,1)
) s
5. sin'x + cos™'x = B : x e[-1,1]
s
tan'x + cot™'x = B x €R
1
sec”lx + coseclx = B x eR-[-1,1]
x+y
6. tan”'x + tan’'y = tan”! 1_xy @ xy<l1

x=y )
tan~'x — tan"'y = tan“[1+xy }xy> !

) 2x
7. 2tan~x = sin™! T2 : -1<x<1
1-x
2tan"'x = cos™ e x=0
x
2x
2tan”'x = tan“1 5 -1<x<1
- X

2.2 Solved Examples
Short Answer (S.A.)

Example 1 Find the principal value of cos™'x, for x =

V3
2
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INVERSE TRIGONOMETRIC FUNCTIONS 21

&

Solution If cos' 2 =0, then cos 6 =

V3
=

3
Since we are considering principal branch, 6 € [0, xt]. Also, since 7 > (0, 0 being in

3

m
the first quadrant, hence cos™ 5= rE

Example 2 Evaluate tan™ sin _7

Solution tan™' Sin s = tap~!| —sin r = tan"'(=1) = _E.
2 2 4

13w
Example 3 Find the value of cos™ COS? .

13n b8 0 s
Solution cos™! cos? = cos! cos(2ﬂ:+g) = COS COSg

Example 4 Find the value of tan™ tan? .

On T
Solution tan™ tan? = tan”! tan 7T+§

_ tan! [tan [g)] =

Example 5 Evaluate tan (tan™'(- 4)).
Solution Since tan (tan"'x) =x, v x € R, tan (tan"'(— 4) = — 4.

Example 6 Evaluate: tan™' (/3 — sec™' (-2) .
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22 MATHEMATICS

Solution tan™'\/3 - sec! (- 2) =tan'\/3 - [% - sec'2]

T (1 2T T 0T
= ——T+cos | — F——+—=——
3 2 3 3 3

- 3
Example 7 Evaluate: SIn ~ COS SIn By

Sol . . a~N3 . b a1 s
Solution SIn~ cos sin” — =sin~ cos — = sinT — =—
. 2 3 2 6

Example 8 Prove that tan(cot™'x) = cot (tan"'x). State with reason whether the

equality is valid for all values of x.
Solution Let cot"'x = 6. Then cot 8 = x

T T
tan ——0 =x tan” x==-0
or, > = 5

So tan(cot™ x) =tan = cot [g -0 chot [g —cot™' x Jz cot(tan™' x)

The equality is valid for all values of x since tan™'x and cot 'x are true for x € R.

Example 9 Find the value of sec [tan'lg)
- T T
Solution Let tan 1%=9 , where 0€ [—5,5] So, tan® = %,

A4+ y2

which gives secB= e

A4+ y’

1Y
Therefore, sec| tan™' = |=secO=
erefore [ 5 j 5

Example 10 Find value of tan (cos™'x) and hence evaluate tan cos™' 17

Solution Let cos™'x = 0, then cos © = x, where 6 € [0,7]
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INVERSE TRIGONOMETRIC FUNCTIONS 23

\/l—cosz 0 _\/1—x2

Therefore, tan(cos 'x) = tan® =
cos0 x
2
- % 15
Hence 4 [cos'1 —j = =
8 8
17

. 4 5
Example 11 Find the value of sin 2cot™ 5

-5
=y. Th ty=—-.
J y en coty= T,

. . I -
Solution Let cot [12

12 -5 . b
= 2siny cosy = 2 E E since cot y<0, so ye E,n

_-120
169

. a1 L4
Example 12 Evaluate €OS SIn 1Z+S¢C lg

. 1 4 .1 _
Solution €OS sin”' —+sec™ — — COS| sin '~ +cos lé
4 3 4 4

1 . S L3
= COS SIn — COS COS = — S Sin = sSin  COoS =
4 4 4

I}
Blw
-
=

|
B=
(3]
|
NI
-
p—y
|
AW
(3]

3
=4 4 44 16
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Long Answer (L.A.)

E le 13 P tht2'-lg t-11—7—E
xample 13 Prove that 2sin 5 an 3l 7
. ., 3 : 3 T
Solution Let sin 5 = 0, then sinB = 5 where 0 € 25
3 ) ) 3
Thus tan 0 = 2 which gives 6 = tan“z.
Theref 2 ‘IE tan~! )
erefore, sin 5 an 3l
=20 -t TR 2tan'— — ¢ TR
=20 — tan T an4—an 3l
23 "
_tan”! —g —tan™' — _ tan-! 27
= - 31 = 7 31
16
24 17
-1 7 31
Ctant|L2L | T
- 1+ %177 4
7 31

Example 14 Prove that
cot™'7 + cot™!8 + cot!'18 = cot™'3

Solution We have
cot™'7 + cot™'8 + cot'18

1 1 1
= tan™! 7 + tan“g + tan‘lﬁ (since cot™!
1 1
7+i
tan ' 7_8 +tan' — .
= 11 18 (sincex.y =
I——x—
7 8

78

1
x=tan™'—,if x > 0)
X

—=— <1
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INVERSE TRIGONOMETRIC FUNCTIONS 25

3,1
) 1 tan~'| 1118
1 1 .
=t —+t — =
an I a T l—ixi (since xy < 1)
11 18
= la ’lﬁ = tan’ll t13
- 195 T 3 T

Example 15 Which is greater, tan 1 or tan™! 1?

Solution From Fig. 2.1, we note that tan x is an increasing function in the interval

T o T
, since 1 > n = tan 1 > tan 1 This gives

2 2 Y tan x
tan1>1
T
= tanl>1>—
4 0
= tan 1 > 1 > tan™! (1). P /4 2
Example 16 Find the value of
. a2 -1
s1n[ 2tan §J+cos (tan \/5) .

2 2
Solution Let tan™! 3= x and tan™! /3 =y so that tan x = 3 and tany = /3.

2
Therefore, sin [ 2tan” 3 J+ cos(tan™ 3 )
= sin (2x) + cos y
2
2tan x 2. g
= 1+tan’ x /1+tan y +3 I+ [
21y
13 2 26°
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Example 17 Solve for x

1- 1
tan”! Ll_x ]=5 tan”! x, x>0
+x

y . ) ) S 1=x _
Solution From given equation, we have 2tan 1[— J= tan” x

1+x
= Z[tan’ll—tan’1 x} =tan"' x
T 1 T
2| — |=3tan™ x —=tan"' x
. [4j o
1

X=—=
- V3

Example 18 Find the values of x which satisfy the equation

sin”' x + sin™! (1 —x) = cos™' x.

Solution From the given equation, we have

sin (sin™' x + sin”! (1 — x)) = sin (cos™'x)
= sin (sin™' x) cos (sin™! (1 — x)) + cos (sin™! x) sin (sin™! (1 —x) ) = sin (cos™! x)

= x/I-(1-x)% + (1—x) yJ1-2> = J1-4>

= xy2x-x" +/1-x> (I—x-1)=0

= x(\/2x—x2 —\/l—x2 )= 0

=x=0 or 2x —

1 —x2

):2_

T
Example 19 Solve the equation sin™'6x + sin™ 6/3 x = i)

~ . . . . Tc P | \/_
Solution From the given equation, we have sin™' 6x = _E_Sm 6v3x
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T . _
= sin (sin™! 6x) = sin [_E_Sm : 6\/§XJ

= 6x = — cos (sin /3 x)

N 6x = —,/1—-108x? . Squaring, we get

36x% =1 - 108x?

1
= 144x> =1 =S x=+ —
X X T
Note that x =— I is the only root of the equation as x = I does not satisfy it.

Example 20  Show that

o T B _1 sinacosf
7 tan~! {tan—.tan| ——= |t=tan= —————
2 4 2 coso+sin 3

) _ o 2x
Solution L.H.S. = tan”~ since 2tan”! x = tan™’ J

l—tanzatanz[n—ﬁj 1-x°
2 4 2
o l—tang
2tan—
2 1+tan§
= tan ! 2
l—tanE
l—tan2g 2
2 1+tan§
2
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28  MATHEMATICS

-1

2tang 1—tan’ ﬁ
2 2

= tan

1+ tan ﬁ 1-tan? & +2tan
2 2 2

B

2tang I-tan? &
2 2

1+tan? o 1+ tan? ﬁ
-1 2 2

= tan

B

l—tan2g 2tan—
2 2

+

[ sinoicos
tan L—B

cosa+sin 3

Objective type questions

B

1+tan? « I+tan> =
2 2

(1+tan2 OL)
2

Choose the correct answer from the given four options in each of the Examples 21 to 41.

Example 21 Which of the following corresponds to the principal value branch of tan™'?

T T
w (33

Solution (A) is the correct answer.

T T
o [45

D) (O, m

Example 22 The principal value branch of sec™ is

(A) [—g ﬂ—{o}

€ (O, m

® [0 n]—{%}
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Solution (B) is the correct answer.

Example 23 One branch of cos™ other than the principal value branch corresponds to
T 3% 3n
-, — T, 2|~ —
(A) [2 2} ® | ]{2}
© O, m (D) [2=m, 37]

Solution (D) is the correct answer.

. 437
Example 24 The value of SII I[COS [T D is

3n —n T T
) B) —~ © 10 D) -5

. 401t +31 . 3n
Solution (D) is the correct answer. SIn l[COS T]: sin lcos[8n+?j

. 1 3n . . (®m 3w
sin”'| cos — |=sin" | sin| ———
5 2 5
sin”!| sin T
10 10

Example 25 The principal value of the expression cos™ [cos (- 680°)] is

27 -27 341
(A) ) B — © 5 (D)

9 9 9

Solution (A) is the correct answer. cos™ (cos (680°)) = cos™! [cos (720° — 40°)]

21
= cos™! [cos (— 40°)] = cos™! [cos (40°)] = 40° = IR

Example 26 The value of cot (sin"'x) is

2 X
() L2 ® e
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30 MATHEMATICS

1—x

1
o - (D)
X X
Solution (D) is the correct answer. Let sin™! x = 0, then sinf = x

1
= cosec = — = cosec’d = —
X X

1-x

1
= l+cot?’0=— = cotbh =
X X

T
Example 27 If tan"'x = — for some x € R, then the value of cotlx is

21 3 4T
B) — <o — (D) —

() 5 5 5

5

T
Solution (B) is the correct answer. We know tan~'x + cot™'x = 5 Therefore

cotlx = r_z
T2 0
t—l — l l —_ E
= cot''x = > "0 5
Example 28 The domain of sin™! 2x is
44
©) 22 (D) [-2,2]

Solution (C) is the correct answer. Let sin"'2x = 6 so that 2x = sin 6.

1 1
Now — 1 <sin 0 <1, ie.,— 1 <2x <1 which gives —ESXSE.

_\/5)_

Example 29 The principal value of sin™ [ 5
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27 ¥ 4T 5m
(A ——% B) - <o = (D) —.

3 3
Solution (B) is the correct answer.

. -1 _\/§ .1 . T .o . T T
sin — |~=S1n —Sin— |=-—S1n sin— = ——
2 3 3 3

Example 30 The greatest and least values of (sin"'x)* + (cos™'x)* are respectively

51 n’ T -
= _and — —and —
(A) 4 an 8 (B) 2 2
2 2 2
T - T
—and — —andO,
©) 4 2nd— (D) L

Solution (A) is the correct answer. We have

(sin"'x)? + (cos™'x)? = (sin"'x + cos™'x)? — 2 sin"'x cos! x
2
T .o T . _
- ——2sin”' x| =—sin”' x
4 2

2
T .o . 2
= 7— T sin 1x+2(s1n 1x)

2 2 2 2
T | T D) -T T T
Thus, the least value is 2 E 1~e~? and the Greatest value is 7_2 +E ,
. 5m?
ie. —.
4

Example 31 Let 0 = sin™! (sin (- 600°), then value of 0 is
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32  MATHEMATICS

A) B) - o =2 —
(A) 3 (B) 3 © 3 (D) —.
Solution (A) is the correct answer.
sin”'sin —600><i =sin~' sin —10m
180

— sin”! [— sin[47t—2—nﬂ — sin”! [Sinz—nj
3 3
.o L .qf . W T
= SIn sin| T—— | |=S1n sin— |=—

Example 32 The domain of the function y = sin™! (- x?) is
B) (©,1)

(A) [0,1]
©) [-1,1] D) ¢
y=sin! (-x}) = siny=-x2

Solution (C) is the correct answer.
ie. —1<—-x*<1 (since—1<siny<1)

= 1 >2x*>2-1
= 0 < x*< 1

= |x<lie.—1<x<1

Example 33 The domain of y = cos™ (x>—4) is
(B) [0, m]

(&) 3.5]
© [+5.-V3]n[~5.5] ® [~5.~B]u[\3.45]

Solution (D) is the correct answer. y = cos™ (xX>-4) = cosy =x>-4
ie. —1< x2-4<1 (since—1<cosy<1)

= 3 < x*<5
= V3|4 <5

o xe[~5—3]U[VE5]

Example 34 The domain of the function defined by f (x) = sin”'x + cosx is
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INVERSE TRIGONOMETRIC FUNCTIONS 33

(A) [-1,1] B) [-1, t+1]
(C)  (—o0,00) D) ¢

Solution (A) is the correct answer. The domain of cos is R and the domain of sin! is

[-1, 1]. Therefore, the domain of cosx + sin"'xis R N [—1,1] ,1.e., [-1, 1].
Example 35 The value of sin (2 sin™! (:6)) is

(A) -48 (B) -96 < 12 (D) sinl1:2

Solution (B) is the correct answer. Let sin”! (-6) = 0, i.e., sin 6 = -6.

Now sin (20) = 2 sinB cosB = 2 (-:6) (-8) = -96.

T
Example 36 If sin! x + sin™! y = —, then value of cos™ x + cos™! y is

2
A — B C 0 D) —
(A) > (B) m ©) (D) 3
. . . . T
Solution (A) is the correct answer. Given that sin™' x + sin! y = 5
z cos ' x |+ z cos™ T
Therefore, > > y >
T
= coslx + cosly = 5
a3 41
Example 37 The value of tan | €08 §+tan 4 is
o 19 b 8 o 1 b 3
() 3 B 15 © 1 ® 4

a3 a1 44 a1
Solution (A) is the correct answer. tan [COS 1§+tan lzj = tan [tan 1§+tan lzj
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4.1

= tan tan -1 34 41 —=tan tanfl [; ):; )
1——x—
374

Example 38 The value of the expression sin [cot™ (cos (tan™' 1))] is

1 2
(A) 0 B) 1 © 7 (D) \/; :

Solution (D) is the correct answer.

: 1 T : - L sin sinl\/Z = 2
sin [cot™! (cos 4 )] = sin [cot \/E 1= 3 3

1
Example 39 The equation tan™'x — cot"'x = tan™' [ﬁj e

(A) mnosolution (B) unique solution
(C) infinite number of solutions (D) two solutions

Solution (B) is the correct answer. We have

T T
tan"'x —cot'x = — and tanx + cot'x = =
6 2
. 2
Adding them, we get 2tan'x = EY
T,
= tan'x = 3 ie., x=-/3.
Example 40 If a<2sinx + cos™'x <B, then
-7 T
A o=—-",p=— B a:O’ =TT
(A) 5 p 5 (B) p
- 3n
©) a=—, B=7 (D) a=0,p=2xn
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-7 o

Solution (B) is the correct answer. We have > < sin'x < 5
., =®,r_. . % _X T

P T D)
= 0 <sin'x+ (sin'x+cos'x) < T
= 0 <2sinlx+ cos'x <™
Example 41 The value of tan? (sec™!2) + cot? (cosec™'3) is

(A) 5 B) 1 © 13 (D) 15

Solution (B) is the correct answer.

tan® (sec™'2) + cot? (cosec™!3) = sec? (sec'2) — 1 + cosec? (cosec'3) — 1
=22x1+32-2=11.

2.3 EXERCISE

Short Answer (S.A.)

1 S5m iy 13w
1. Find the value of tan tan? +cCos COS? .
-3
2. Evaluate cos cos™' —f +=
2 6
T
3. Prove that €Ot 2—200t713 =7
-1 1 -1 1 1 . /4
4. Find the value of tan~ ——= +cot” —— +tan sin —
NG 3 2
21
5. Find the value of tan™! tan? )
_x (4
6. Show that 2tan™! (-3) = B tan ENE
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10.

11.

MATHEMATICS

Find the real solutions of the equation
T
tan” /x(x+1)+sin /X +x+1==
S sin” .

a1 _
Find the value of the expression sin [2tan : 3 J“‘COS (tan 242 )

b
If 2 tan™! (cos 0) = tan™! (2 cosec 0), then show that 6 = Z’

where 7 is any integer.

1 ) 41
Show that COS[ztan_l7j=SID[4tan lgj

Solve the following equation cos (tan_l x)zsin [cot_l %j

Long Answer (L.A.)

12.

13.

14.

15.

16.

17.

NI EE SN R |

- 2
Prove that tan =—+t-Cos X
427 —1-x* 4 2

_ . BT
Find the simplified form of €OS ' Zcosx+—sinx ,where x e T ) Z .
. 1 a3 .17
Prove that SIn. —+4SIn. —=s1In —.
5 85
s -1 3 _ -1
Show that SIn - —+COS g— tan 1—
tan™ 1 +tan™ 2_ sin”! 1
Prove that 4 9 S

1 1
Find the value of 4tan”' ——tan™ ——
5 239
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1 3 4'—\/7 4+\/7
3

1
18. Show that tan E sin” — = and justify why the other value
isignored?

19. Ifa,a, a,..a, isan arithmetic progression with common difference d, then
evaluate the following expression.

t 1 d -1 d -1 d -1 d
an| tan +tan + tan +..+tan” | ———
1+a, a, 1+a,a, 1+a,a, I+a, a, ||’

Objective Type Questions

Choose the correct answers from the given four options in each of the Exercises from
20 to 37 (M.C.Q.).

20. Which of the following is the principal value branch of cos'x?

B
@ |55 ®)  (O.m
I
© 10,7 @ O.m-15
21. Which of the following is the principal value branch of cosec™'x?
nn {z}
[i E} [—_n E}
22. If 3tan”! x + cot™! x = m, then x equals
1
(A) 0 B) 1 © -1 (D) 5
33z
23. The value of sin”!  €OS 5 is
O B
w T o’ = © 5 O
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24.

25.

26.

27.

28.

29.

30.

31.

MATHEMATICS

The domain of the function cos™ (2x — 1) is

(A [0,1] B) [-L1]

© (-LD (D) [0, @]

The domain of the function defined by f (x) = sin™! \/x—1 is
A [L2] B) [-L1]

© [0, 1] (D) none of these

.12 _
If cos [sm lg"'cos lx):O, then x is equal to

1 2
(A) 5 (B) 5 < 0 (D) 1
The value of sin (2 tan™! (.75)) is equal to
(A) ‘75 (B) 15 © ‘96 (D) sin 1-5

V4
-1
The value of €0S COS? is equal to

N R

TV ® o © = O
1

The value of the expression 2 sec™ 2 + sin™ 5 is

A z B on C Tn D 1

(A) 6 B) 6 © 6 (D)

s
If tan! x + tan"'y = —, then cot™' x + cot™! y equals

5
by 2n 3z
(A) 5 (B) 5 ©) 5 (D) =
N +cos™ 1-a" =tan"' 2x
If sin 1+ 1+ -2 where a, x € ]0, 1, then

the value of x is

a
A 0 B 5 <€ a (D)
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33.

34.

35.

36.

37.
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o7

The value of cot €08 25 is

2 2 ] 7
(A) 24 (B) 7 © 25 (D) 24

a2

The value of the expression tan ECOS ﬁ is
(A 2445 B)  5-2

V542
©) 5 D) 5+42
{Hint :tan§= 1-cosb }

2 \14+cosB
2x
If I x 1< 1, then 2 tan™! x + sin™! W is equal to
V4

(A) 4 tan™! x (B) 0 © E (D) L

If cos'a+cos'B+cos'y=3n,thena B+ +PF+a)+7y@+p)
equals

(A) 0 B) 1 © 6 (D) 12

The number of  real solutions of  the equation

N1+ cos2x =2 cos™ (cosx)in [g, 71:} is

A) 0 ®) 1 © 2 (D) Infinite

If cos'x > sin'x, then

(A) %<x£l (B) OSx<%
1
© s (D) x>0
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Fill in the blanks in each of the Exercises 38 to 48.

1
38. The principal value of cos™ [—EJ is

. 3
39. The value of sin! sm? is

40. If cos (tan™ x + cot™ JE) = 0, then value of x is

1
41. The set of values of sec™! [E J is

42, The principal value of tan™ /3 is

14w
43. The value of cos™ COST is
44. The value of cos (sin! x + cos™! x), Ix] <11is
sin"' x+cos™' x NE)
45. The value of expression tan ) ,when x = > is

2x
46. If y=2tan" x + sin™ W for all x, then <y<

x—
47. The result tan"'x — tan"'y = tan™! [1 g J is true when value of xy is
48. The value of cot™! (—x) for all x € R in terms of cot™'x is

State True or False for the statement in each of the Exercises 49 to 55.

49. All trigonometric functions have inverse over their respective domains.
50. The value of the expression (cos™ x)? is equal to sec? x.
51. The domain of trigonometric functions can be restricted to any one of their

branch (not necessarily principal value) in order to obtain their inverse functions.

52. The least numerical value, either positive or negative of angle 0 is called principal
value of the inverse trigonometric function.

53. The graph of inverse trigonometric function can be obtained from the graph of
their corresponding trigonometric function by interchanging x and y axes.
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n T )
The minimum value of # for which tan™ ;>Z’ neN | isvalid is 5.

. T
The principal value of sin™! [COS[SIH laﬂ is 3

e 1 O E i —
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Chapter 3

(Matrices )

3.1 Overview

3.1.1 A matrix is an ordered rectangular array of numbers (or functions). For example,

3
A= x
4

wWoA x
“ W A

The numbers (or functions) are called the elements or the entries of the matrix.

The horizontal lines of elements are said to constitute rows of the matrix and the
vertical lines of elements are said to constitute columns of the matrix.

3.1.2 Order of a Matrix

A matrix having m rows and n columns is called a matrix of order m x n or simply
m X n matrix (read as an m by n matrix).

In the above example, we have A as a matrix of order 3 x 3 i.e.,
3 x 3 matrix.

In general, an m x n matrix has the following rectangular array :

A G O3 in

ayp Ay Ay s, . i o
A=[aij]mxn= 1€i<m,1<j<n i,je N.

Api Ay Q3 Ay mxn

The element, a, is an element lying in the i row and j® column and is known as the
(@, ) element of A. The number of elements in an m x n matrix will be equal to mn.

3.1.3 Types of Matrices

(1) A matrix is said to be a row matrix if it has only one row.
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(i) A matrix is said to be a column matrix if it has only one column.

(iii) A matrix in which the number of rows are equal to the number of columns,
is said to be a square matrix. Thus, an m x n matrix is said to be a square
matrix if m = n and is known as a square matrix of order ‘n’.

(iv) A square matrix B = [bij]nxn is said to be a diagonal matrix if its all non
diagonal elements are zero, that is a matrix B = [bij]nxn is said to be a
diagonal matrix if b, = 0, when i # J.

(v) A diagonal matrix is said to be a scalar matrix if its diagonal elements are
equal, that is, a square matrix B = [bij]nxn is said to be a scalar matrix if

bU_:O, when i # j
bij = k, when i = j, for some constant k.

(vi) A square matrix in which elements in the diagonal are all 1 and rest are
all zeroes is called an identity matrix.

In other words, the square matrix A = [a,-,-]
a,= 1, wheni:jandaij:O, when i #j.

is an identity matrix, if

nxn

(vii)) A matrix is said to be zero matrix or null matrix if all its elements are
zeroes. We denote zero matrix by O.

(ix) Two matrices A = [a,-,-] and B = [b,-,-] are said to be equal if
(a) they are of the same order, and

(b) each element of A is equal to the corresponding element of B, that is,
a,= bij for all i and j.

3.1.4 Additon of Matrices
Two matrices can be added if they are of the same order.
3.1.5 Multiplication of Matrix by a Scalar

If A= [a,-,-] e, 18 @ matrix and k is a scalar, then kA is another matrix which is obtained
by multiplying each element of A by a scalar k, i.e. kA = [ka,.j]mxn
3.1.6 Negative of a Matrix

The negative of a matrix A is denoted by —A. We define —A = (-1)A.
3.1.7 Multiplication of Matrices

The multiplication of two matrices A and B is defined if the number of columns of A is
equal to the number of rows of B.
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Let A =[a, ] be an m x n matrix and B = [b ] be an n x p matrix. Then the product of
the matrlces A and B is the matrlx C of order m x p. To get the
(i, k)" element ¢, of the matrix C, we take the i" row of A and k" column of B,
multiply them elementwise and take the sum of all these products i.e.,

Cik = ail blk + ai2 b2k + ai3 b3k toot ain bnk

The matrix C = [Cik]mxp

is the product of A and B.
Notes:
1.  If AB is defined, then BA need not be defined.

2. If A, B are, respectively m X n, k x [ matrices, then both AB and BA are
defined if and only if n =k and [ =m

If AB and BA are both defined, it is not necessary that AB = BA.

4. If the product of two matrices is a zero matrix, it is not necessary that
one of the matrices is a zero matrix.

5.  For three matrices A, B and C of the same order, if A = B, then
AC = BC, but converse is not true.

6. A A=A’ A A.A=A3 soon
3.1.8 Transpose of a Matrix

1. If A=[a ] be an m X n matrix, then the matrix obtained by interchanging
the rows and columns of A is called the transpose of A.

Transpose of the matrix A is denoted by A” or (A"). In other words, if
A= [au]mxn then AT = [aﬂ]nxm

2. Properties of transpose of the matrices

For any matrices A and B of suitable orders, we have
i (AD'=A
(ii) (kA)" = kAT (where k is any constant)
(iii) (A+B)'=AT+B"
(iv) (AB)"=BTA"

3.1.9 Symmetric Matrix and Skew Symmetric Matrix

(1) A square matrix A = la,] is said to be symmetric if AT = A, that is,
a,=a, for all possible values of i and j.
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A square matrix A = la,] is said to be skew symmetric matrix if AT=-A,
that is a, = —a, for all possible values of i and j.

Note : Diagonal elements of a skew symmetric matrix are zero.

(ii)

@iv)

Theorem 1: For any square matrix A with real number entries, A+ A" is
a symmetric matrix and A — A" is a skew symmetric matrix.

Theorem 2: Any square matrix A can be expressed as the sum of a

symmetric matrix and a skew symmetric matrix, that is

_(A+A") +(A—AT)
) 2

A

3.1.10 Invertible Matrices

()

If A is a square matrix of order m x m, and if there exists another square
matrix B of the same order m x m, such that AB =BA =1 , then, A is said
to be invertible matrix and B is called the inverse matrix of A and it is
denoted by A"

Note :

1.

2.
(it)

(ii)

A rectangular matrix does not possess its inverse, since for the products
BA and AB to be defined and to be equal, it is necessary that matrices A
and B should be square matrices of the same order.

If B is the inverse of A, then A is also the inverse of B.

Theorem 3 (Uniqueness of inverse) Inverse of a square matrix, if it
exists, is unique.

Theorem 4 : If A and B are invertible matrices of same order, then
(AB)! = B'AL.

3.1.11 Inverse of a Matrix using Elementary Row or Column Operations

To find A" using elementary row operations, write A = IA and apply a sequence of
row operations on (A =IA) till we get, I = BA. The matrix B will be the inverse of A.
Similarly, if we wish to find A using column operations, then, write A = Al and apply a
sequence of column operations on A = Al till we get, I = AB.

Note : In case, after applying one or more elementary row (or column) operations on
A =TA (or A=Al), if we obtain all zeros in one or more rows of the matrix A on L.H.S.,
then A~ does not exist.
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3.2 Solved Examples
Short Answer (S.A.)

Example 1 Construct a matrix A = [a whose elements a, are given by

ij]2><2

2' . .
a.= esin jx.
u

Solution For i=1,j=1, a, = e* sin x
For i=1,j=2, a, = e* sin 2x
For i=2,j=1, a,, = ¥ sin x
For i=2,j=2, a,, = €™ sin 2x

e sinx e*sin2x
Thus A=

e sinx e*sin2x

23 1 3 2 1 4 6 8

1 2:B=4 3 1:C=,.D= 5 5 o .then

Example 2 If A =
which of the sums A+ B, B+ C, C + D and B + D is defined?
Solution Only B + D is defined since matrices of the same order can only be added.

Example 3 Show that a matrix which is both symmetric and skew symmetric is a zero
matrix.

Solution Let A = [aij] be a matrix which is both symmetric and skew symmetric.
Since A is a skew symmetric matrix, so A" = —A.
Thus for all i and j, we have a,=-a, (D
Again, since A is a symmetric matrix, so A" = A.
Thus, for all i and j, we have

a,=a, @)
Therefore, from (1) and (2), we get

a,=-a, for all i and j
or 2“;,— =0,

ie., a,= 0 for all 7 and j. Hence A is a zero matrix.
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1 2] |x
Example 4 If [2x 3] 3 0l |8 = O find the value of x.

Solution We have
1 2 X X
2 = 2x — 4 =
S I I 0
or 2x* —9x +32x = [O] = 2x*+23x=0

or x(2x+23)=0 = x=0,x=—

Example 5 If A is 3 x 3 invertible matrix, then show that for any scalar k (non-zero),
. . Lo

kA is invertible and (kA)™' = ;A

Solution We have

|- 1
ka) A -k T AAh=1m=I
.. 1 -1 1 -1
Hence (kA) is inverse of ;A or (kA)! = ;A

Long Answer (L.A.)

Example 6 Express the matrix A as the sum of a symmetric and a skew symmetric
matrix, where

2 4 -6
A_ T 35
1 2 4

Solution We have

2 4 -6 2 7 1
A= 7 3 5 ’ then A = 4 -2
1 -2 4 -6 5 4
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4 11
A+A 1 116
Hence 5 T, -5 3
0 -3
A-A 1 30
and 5 T 1 -1
Therefore,

, 1
2
A+A" A-A 11
+ == 3
2 2 2
- 3
2 2
1 3 2
Example 7 If A = 20 -1
1 2 3

A—4A>-3A+111 = O.

1 3
20
1 2

Solution A’=AxA=

11 -
, U =
NEERT i §
3 = = 3 =
g 2 2
=3y
2 2
-3 -7
0o — =
7 2 2
So_3 o, 1
0 2 2
7 =7
- — 0
2 2
51 T -3 7]
S g 22
2 2 212 4 -6
3 + 3 0 . 7 3 5 |=A
2 2 2 1 2 4
sl L2 o
Lz 2 ]
, then show that A satisfies the equation
2 1 3 2
-1 x 2 0 -1
3 1 2 3
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1+6+2 3+0+4 2-3+6
_ 2+0-1 6+0-2 4+0-3
1+4+3 3+0+6 2-2+9
9 7 5
_ L 41
8 9 9
9 7 5 1 3 2
A3=A2XA=1 41)(20—1
8 9 9 1 2 3
9+14+5 27+0+10 18—7+15
_ 1+8+1 3+0+2 2—4+3
8+18+9 24+0+18 16-9+27
28 37 26
_ 10 5 1
35 42 34
A3 —4A2 -3A + 11(D)
28 37 26 9 75 1 3 2 1 00
10 5 1(-4|1 4 1|{-3|2 0 —-1|+11]0 1 O
135 42 34 8 9 9 1 2 3 0 0 1
[28—-36-3+11 37-28-9+0 26—-20-6+0
10-4-6+0 5-16+0+11 1-4+3+0
| 35-32-3+0  42-36-6+0 34-36-9+11
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oS O O
oS O O
oS O O

2

1 2] Then show that A2 —4A + 71 = O.

Example 8 Let A=[

Using this result calculate A*also.

2 3/12 3 1 12
e A’= =
Solution We have [_1 2} [_1 2} = [_4 1 ]

aa] B 12 70
T4 8| @™ 7]

1-8+7 12—12+0} [0 0}
= :O

2 _ =
Therefore, A*—4A +71 [—4+4+0 1-8+7 00

= A2=4A -1

Thus A=A A’=AM@4A-T]) =4 (4A-TI)-TA
=16A - 281 -7A =9A - 281

and so A5 =AA?
= (9A - 281) (4A - 7I)
=36A%-63A - 112A + 1961
= 36 (4A - 71) - 175A + 1961
=-31A-561

2 3 1 0
=-31 -56
-1 2 0 1

_[-118  -93
| 31 -118
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Objective Type Questions
Choose the correct answer from the given four options in Examples 9 to 12.
Example 9 If A and B are square matrices of the same order, then
(A +B) (A-B)isequal to
(A) A? - B? B) A? - BA - AB - B?
(C) A*’-B*+BA-AB (D) A’-BA +B?’+AB

Solution (C) is correct answer. (A + B) (A-B)=A (A-B)+ B (A-B)
=A?>-AB + BA-B?

2 3
2 -1 3 )
Example 10 If A = 4 5 1 and B = 5 , then
(A) only AB is defined (B) only BA is defined

(C) AB and BA both are defined (D) AB and BA both are not defined.

Solution (C) is correct answer. Let A=[a.], . B = [bij]3x2‘ Both AB and BA are

ij72x3

defined.
0 0 5
Example 11 The matrix A = 050 isa
5 00
(A) scalar matrix (B) diagonal matrix
(C) unitmatrix (D) square matrix

Solution (D) is correct answer.
Example 12 If A and B are symmetric matrices of the same order, then (AB” —-BA”)
isa
(A) Skew symmetric matrix  (B) Null matrix
(C) Symmetric matrix (D) None of these
Solution (A) is correct answer since

(AB’ —BA’) = (AB’Y — (BA"Y
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(BA” — AB)
- (AB” -BA)
Fill in the blanks in each of the Examples 13 to 15:

Example 13 If A and B are two skew symmetric matrices of same order, then AB is
symmetric matrix if

Solution AB = BA.

Example 14 If A and B are matrices of same order, then (3A -2B)” is equal to

Solution 3A” -2B’.

Example 15 Addition of matrices is defined if order of the matrices is
Solution Same.

State whether the statements in each of the Examples 16 to 19 is true or false:
Example 16 If two matrices A and B are of the same order, then 2A + B = B + 2A.
Solution True

Example 17 Matrix subtraction is associative

Solution False

Example 18 For the non singular matrix A, (A")™" = (A™).

Solution True

Example 19 AB = AC = B = C for any three matrices of same order.
Solution False

3.3 EXERCISE

Short Answer (S.A.)

1.  If a matrix has 28 elements, what are the possible orders it can have? What if it
has 13 elements?

a 1 X
2 3 P- y
2.  Inthe matrix A = , write :
-2
0 5 —
5
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(1) The order of the matrix A
(i) The number of elements
(i) Write elements a

a,, a

23* 7317 12

Construct a,. ., matrix where

(i1)
Construct a 3 X 2 matrix whose elements are given by a,= e™'sinjx

Find values of a and b if A = B, where

1-2i + 3,1

a.
y

a+4 3b 2a+2 b *+2
A= g g B="3g p_5
3
2

If possible, find the sum of the matrices A and B, where A = 3

y Z
and B = b 6
31 -1 21 -1
If X= 5 2 _3 and Y = 7 9 4 , find
1) X+Y (i) 2X -3Y
(1ii) A matrix Z such that X + Y + Z is a zero matrix.

Find non-zero values of x satisfying the matrix equation:

x|:2x 2}+2[8 Sx} =2{(x2+8) 24}
3 x 4 4x (10) 6x |

01 0 -1

11 1 0 , show that (A + B) (A-B) # A2-B*
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10. Find the value of x if

132 1
nx1 2351 220
15 3 2 X

5 3
11. Show that A = 1 - satisfies the equation A* — 3A — 71 = O and hence

find A"
12. Find the matrix A satisfying the matrix equation:
2 1 -3 2 1 0

A =
3 2 5 3 01

4 4 8 4
13. FindA,if | a= ~1 21
3 -3 6 3
3 -4
1 21 2
14. IfA= and B = , then verify (BA)?># B2A?
20 1 2 4

15. If possible, find BA and AB, where

21 2

A= 1 94

,B=

— N A
N W =

16. Show by an example that for A# O, B# O, AB =0.

14
2 40

3 6} andB= 28 Is(ABY =B'A”

17. Given A=[
13

18. Solve for x and y:
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2 3 -8
x +y + =0
1 5 -11 ’
If X and Y are 2 x 2 matrices, then solve the following matrix equations for X and Y

23 -2 2

2X +3Y = 4 0 ,3X+2Y = 1 _5

IfA= [3 5] , B= [7 3], then find a non-zero matrix C such that AC = BC.

Give an example of matrices A, B and C such that AB = AC, where A is non-
zero matrix, but B # C.

1 2 2 3 1 0 .
If A= o1 B= 3 _4 and C= 10 , verify :
i) (AB)C=ABC) (i) AB+C)=AB +AC.
x 0 0 a 0 0
IfP= 0y 0 and Q = 050 , prove that
0 0 z 0 0 ¢
xa 0 O
pg= 0 Y 0 _qp
0 0 zc
-1 0 -1 1
iw: 213 100 _A finda
0 1 1 -1
53 4 -1 2 1 .
If A= [2 1], B = 8 7 6 and C = 1 0 2° verify that

AB+C)=(AB +AC).
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26.

27.

28.

29.
30.

31.

32.

MATHEMATICS

10 -1
itA= 2 1 3 then verify that A2+ A = A (A + I), where I is 3 x 3 unit
01
matrix.
4 0
0 -1 2 3
IfA= and B= , then verify that :
4 3 4
2 6
() A"y =A

()  (AB) = B'A’
(i) (kA) = (kA").

IfA= , B= , then verify that :

o = N
= o =

2
4
3

wn s =

() QA +B) =2A"+ B’
(i) (A-B)Y =A"-B"
Show that A’A and AA” are both symmetric matrices for any matrix A.

Let A and B be square matrices of the order 3 x 3. Is (AB)* = A> B> ? Give
reasons.

Show that if A and B are square matrices such that AB = BA, then
(A +B)>=A”+2AB + B~

1 2 4 0 2 0

LetA = 1 3> B= 1 -2

anda=4,b=-2.

Show that:
@ A+ B+C)=A+B)+C
(b) ABC)=(AB)C
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36.

37.

38.

39.
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(¢) (a+b)B=aB+bB
(d) a (C-A) =aC - aA
(e) (AH'=A

() (A =bAT

(g) (AB)'=B"A"

(h) (A-B)C =AC - BC
() (A-B)'=AT-BT

cosf  sinf cos26 sin29}

2 —
] then show that A = [_ $in20  cos20

IfA= [—sine cosO

0 —x 01
IfA= o » B= |  andx’=-1, then show that (A +B)’=A’+B”.
0 1 -1
Verify that A2 =1 when A = 4 3 4
3 3 4

Prove by Mathematical Induction that (A”")" = (A")’, where n € N for any square
matrix A.

Find inverse, by elementary row operations (if possible), of the following matrices

_ 1 3 B 1 -3
@ 5 7 (i) 2 6
Xy 4 8 w _
If 246 x+y =0 6 ° then find values of x, y, z and w.
1 5 9 1
IfA= 7 12 and B = 7 8 find a matrix C such that 3A + 5B + 2C is a null
matrix.
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3 -5

40. 1 A=, ,

, then find A? — 5A — 141. Hence, obtain A’.

41. Find the values of a, b, ¢ and d, if

a b a 6 4 a+b

3 — +
c d -1 2d c+d 3

42. Find the matrix A such that

2 -1 -1 -8 -10
1 0 A = 1 -2 -5
-3 4 9 22 15
1 2
43. IfA= 4 1 find A” + 2A + 71
coso  sina
44. IfA= . ,and A-'=A", find value of a.
—sino  cosa
0 a 3
45. If the matrix 2 b -1 is a skew symmetric matrix, find the values of a, b and c.
1 0
cosx sinx
46. IfP (x) = . , then show that
—sinx cosx

Px).Py)=P&x+y)=P@).PXx).
47. TIf Ais square matrix such that A2 = A, show that (I + A)* =7A+ 1.

48. If A, B are square matrices of same order and B is a skew-symmetric matrix,
show that A'BA is skew symmetric.

Long Answer (L.A.)

49. If AB = BA for any two sqaure matrices, prove by mathematical induction that
(AB)n = An Bn.
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0 2y z
Findx, y, zif A=|x y —z| satisfiesA"=A".
X -y Z

If possible, using elementary row transformations, find the inverse of the following
matrices

2 -1 3 2 3 -3 2 0 -1
) -5 3 1 (ii) -1 -2 2 (iif) 510
-3 2 3 1 1 -1 01 3
2 3 1
Express the matrix -1 2 as the sum of a symmetric and a skew symmetric
4 1 2
matrix.

Objective Type Questions

Choose the correct answer from the given four options in each of the Exercises

53t0 67.
0 0 4
53. The matrix P = 040 isa
4 0 0
(A) square matrix (B) diagonal matrix
©) unit matrix (D) none
54. Total number of possible matrices of order 3 x 3 with each entry 2 or 0 is
(A) 9 B) 27 © 81 (D) 512
2x+y 4x 7 Ty-13
55. If , then the value of x + y is

5x—7 4x ~ y  x+6

(A) x=3,y=1 (B) x=2,y=3
© x=2,y=4 (D) x=3,y=3
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sin” (x7) tan” X —cos”'(xz) tan” X
1 /4 1 4
56. fA=rx ,B =1 , then
sin™' X cot™(mx) sin”' X —tan™" (7x)
V4 V4
A —Bisequal to
1
(A) I (B) (0] (©) 21 (D) EI

57. If A and B are two matrices of the order 3 x m and 3 x n, respectively, and
m = n, then the order of matrix (5A —2B) is

(A) mx3 B)3x3 C)mxn D)3 xn

0 1
58. IfA= 10 , then A? is equal to

0 10
(A) 1 0 (B) 10
01 1 0
© 0 1 (D) 0 1
59. If matrix A = [aij]“z, where a,= lifi#j
=0if i =j
then A? is equal to
(A) I (B) A ©) 0 (D) None of these
1 00
60. The matrix 020 is a
0 0 4
(A) identity matrix (B) symmetric matrix
©) skew symmetric matrix (D) none of these
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0O -5 8
The matrix 3 0 12 is a

-8 =12 0
(A) diagonal matrix (B) symmetric matrix
©) skew symmetric matrix (D) scalar matrix

If A is matrix of order m X n and B is a matrix such that AB” and B’A are both
defined, then order of matrix B is

(A)  mxm (B) nxn

©) nxm (D) mxn

If A and B are matrices of same order, then (AB-BA") is a
(A) skew symmetric matrix ~ (B) null matrix

©) symmetric matrix (D) unit matrix

If A is a square matrix such that A% = I, then (A-I)* + (A + I)* —=7A is equal to

(A) A B) I-A ©) I+A (D) 3A
For any two matrices A and B, we have

(A) AB = BA B) AB # BA

©) AB =0 (D) None of the above

On using elementary column operations C, — C, — 2C, in the following matrix
equation

1 -3 1 -1 31
>4 T o0 1 2 4,wehave:

1 -5 1 -1 [3 -5
A 1o 4= 2 2 |2 0

1 -5 1 -1 [3 -5
® o 4]0 1 |0 2
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1 =5 1 -3 3 1
© 20 =01 =24

-1 3 -5
1 2 0

On using elementary row operation R, — R —3R, in the following matrix equation:

—_
|
)
—_

(D) 2 0 =

(=)

1 2 2 0
33 = 0 3 11,wehave:

(A) 33 =0 3 11
5 7 1 2 -1 -3
(B) 303 03 1 1

© 5

4 2 1 27 2 0
D 5 7 =3 3] 11

W
1l
—_
|
J
—
—

Fill in the blanks in each of the Exercises 68—81.

68.
69.
70.
71.
72.
73.
74.
75.

matrix is both symmetric and skew symmetric matrix.
Sum of two skew symmetric matrices is always matrix.
The negative of a matrix is obtained by multiplying it by

The product of any matrix by the scalar is the null matrix.
A matrix which is not a square matrix is called a matrix.
Matrix multiplication is over addition.

If A is a symmetric matrix, then A’ is a matrix.

If A is a skew symmetric matrix, then A? is a
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76. If A and B are square matrices of the same order, then
@ (ABY =____
(i) (kAY = : (k is any scalar)
i) [k A-B)I =
77. 1If A is skew symmetric, then kA is a . (k is any scalar)
78. If A and B are symmetric matrices, then
() AB - BAis a
(i) BA - 2AB is a
79. If A is symmetric matrix, then B’AB is

80. If A and B are symmetric matrices of same order, then AB is symmetric if and
only if

81. In applying one or more row operations while finding A~! by elementary row
operations, we obtain all zeros in one or more, then A™!

State Exercises 82 to 101 which of the following statements are True or False
82. A matrix denotes a number.
83. Matrices of any order can be added.

84. Two matrices are equal if they have same number of rows and same number of
columns.

85. Matrices of different order can not be subtracted.

86. Matrix addition is associative as well as commutative.

87. Matrix multiplication is commutative.

88. A square matrix where every element is unity is called an identity matrix.
89. If A and B are two square matrices of the same order, then A + B =B + A.
90. If A and B are two matrices of the same order, then A— B =B — A.

91. If matrix AB = O, then A = O or B = O or both A and B are null matrices.
92. Transpose of a column matrix is a column matrix.

93. If A and B are two square matrices of the same order, then AB = BA.

94. If each of the three matrices of the same order are symmetric, then their sum is
a symmetric matrix.
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95.
96.

97.

98.

99.

100.
101.

MATHEMATICS

If A and B are any two matrices of the same order, then (AB) = A’B’.

If (AB)’ = B” A’, where A and B are not square matrices, then number of rows
in A is equal to number of columns in B and number of columns in A is equal to
number of rows in B.

If A, B and C are square matrices of same order, then AB = AC always implies
that B = C.

AA’ is always a symmetric matrix for any matrix A.

2 3 -1

IfA= "1 4 »

and B = , then AB and BA are defined and equal.

NN

3
5
1

If A is skew symmetric matrix, then A? is a symmetric matrix.

(AB)'=A"". B!, where A and B are invertible matrices satisfying commutative
property with respect to multiplication.

- O L ——
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( DETERMINANTS )

4.1 Overview

To every square matrix A = [a,—,-] of order n, we can associate a number (real or complex)
called determinant of the matrix A, written as det A, where aijis the (i, j)th element of A.

a b
If A= 4 then determinant of A, denoted by |Al (or det A), is given by
c

a
Al =
c

b
‘ = ad — bc.

d

Remarks

(1)  Only square matrices have determinants.
(i) For a matrix A, |A| is read as determinant of A and not, as modulus of A.

4.1.1 Determinant of a matrix of order one
Let A = [a] be the matrix of order 1, then determinant of A is defined to be equal to a.

4.1.2 Determinant of a matrix of order two

a b
c d

as: det (A) = |Al = ad - bc.

LetA= [a,—,-] = [ } be a matrix of order 2. Then the determinant of A is defined

4.1.3 Determinant of a matrix of order three

The determinant of a matrix of order three can be determined by expressing it in terms
of second order determinants which is known as expansion of a determinant along a
row (or a column). There are six ways of expanding a determinant of order 3
corresponding to each of three rows (R, R, and R,) and three columns (C,, C, and
C,) and each way gives the same value.
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Consider the determinant of a square matrix A = [aij]3x3, iLe.,
ay  dpp 43
|A| S|dyp Gy Ay
as; 4z A
Expanding |Al along C, we get
Al 1y Ay Ay 1y ap a3 1y ap a3
=a, (- +a, (- +a, (-
i as, das; o as, ds 3 Ay dy

= all(a22 Ay — Ay Gy) — 4y, (alz Ay — 4y a32) +a, (alz ayy — Q3 4y,

Remark 1In general, if A = kB, where A and B are square matrices of order n, then
[Al=k"IBI, n=1, 2, 3.

4.1.4 Properties of Determinants

For any square matrix A, |Al satisfies the following properties.

) IA’l = IAl, where A’ = transpose of matrix A.

(i)  If we interchange any two rows (or columns), then sign of the determinant
changes.

@) If any two rows or any two columns in a determinant are identical (or
proportional), then the value of the determinant is zero.

(iv)  Multiplying a determinant by kK means multiplying the elements of only one row
(or one column) by k.

(v)  If we multiply each element of a row (or a column) of a determinant by constant
k, then value of the determinant is multiplied by k.

(vi)  If elements of a row (or a column) in a determinant can be expressed as the

sum of two or more elements, then the given determinant can be expressed as
the sum of two or more determinants.
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(vii) If to each element of a row (or a column) of a determinant the equimultiples of
corresponding elements of other rows (columns) are added, then value of
determinant remains same.

Notes:

(1) Ifall the elements of a row (or column) are zeros, then the value of the determinant
is zero.

(i) If value of determinant ‘A’ becomes zero by substituting x = ¢, then x — avis a
factor of ‘A’.

(iii) If all the elements of a determinant above or below the main diagonal consists of
zeros, then the value of the determinant is equal to the product of diagonal
elements.

4.1.5 Area of a triangle
Area of a triangle with vertices (x,, y,), (x,, ,) and (x,, y,) is given by

1 x ooy 1
A=—|x 1
5 %2 Y2 )
Xy 1
4.1.6 Minors and co-factors
(1) Minor of an element a, of the determinant of matrix A is the determinant obtained
by deleting i row and j” column, and it is denoted by M,.

(i) Co-factor of an element a, is given by Aij = (-1 M,.

(i)  Value of determinant of a matrix A is obtained by the sum of products of elements
of a row (or a column) with corresponding co-factors. For example

Al=a, A, +a,A,+a,A.

(iv) If elements of a row (or column) are multiplied with co-factors of elements of

any other row (or column), then their sum is zero. For example,
all A21 + a12 A22 + a13 A23 = 0
4.1.7 Adjoint and inverse of a matrix

(i)  The adjoint of a square matrix A = la,],., is defined as the transpose of the matrix
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[a]

ij nxn’

where A,-,- is the co-factor of the element a, It is denoted by adj A.

apy 4 4 Ay Ay Ay
If A=lay ay ay|, thenadj A=|A,, A, As,|, where A, is co-factor of a,.

;. dzp iy Ay Ay Ay

i) A(adjA) = (adj A) A = Al 1, where A is square matrix of order n.

(iii) A square matrix A is said to be singular or non-singular according as IAl =0 or
IAl # 0, respectively.

(iv) If A is a square matrix of order n, then ladj Al = |AlI"!.

V) If A and B are non-singular matrices of the same order, then AB and BA are
also nonsingular matrices of the same order.

(vi) The determinant of the product of matrices is equal to product of their respective
determinants, that is, IABI = |Al IBI.

(vii) If AB =BA =1, where A and B are square matrices, then B is called inverse of
A and is written as B =A"!. Also B!'= (A)!'=A.

(viii) A square matrix A is invertible if and only if A is non-singular matrix.

1
(ix)  If Ais an invertible matrix, then A~ = m (adj A)

4.1.8 System of linear equations
(i) Considerthe equations: ax+ b, y+c z=4d,
ax+b,y+c,z=d,
ax+b y+c,z=d,

In matrix form, these equations can be written as A X = B, where

a b ¢ X d,
A= D b, ¢, , X= y and B= d,
a, by« Z d,

(i) Unique solution of equation AX = B is given by X = A~'B, where |Al # 0.
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(i) A system of equations is consistent or inconsistent according as its solution
exists or not.

(iv) For a square matrix A in matrix equation AX =B

(a) IfIAl#0, then there exists unique solution.

(b) IflAl=0 and (adj A) B # 0, then there exists no solution.

(c) IflAl=0 and (adj A) B =0, then system may or may not be consistent.
4.2 Solved Examples
Short Answer (S.A.)

2x 5| |6 5
Example 1 If 8 = g 3> then find x.
2x 5| |6 5
Solution We have 8 = g 3l This gives

2x*—40=18-40 = x =9 = x =%3.

1 x x 1 1 1
Example 2 1f A=[l y ¥’l,A;=|yz zx x|, then prove that A+ A, = 0.
1z 2 X oy z
11

Solution We have A, =|yz zx xy
X y z

Interchanging rows and columns, we get

1 yz x | x xz X
A=l zx y =E y oz ¥
1 xy z z xyz 2%

20/04/2018



70  MATHEMATICS

= xz , Interchanging C, and C,

1 x x2
_ =Dty y=-A
1 z 22

= A+ A =0

1

Example 3 Without expanding, show that

cosec’®  cot’0 1

A=| cot’®  cosec’® -1

=0.
42 40 2
Solution Applying C, — C, - C, - C,, we have
cosec’®@—cot’0—1 cot’® 1 0 cot’® 1
A=|cot’0—cosec’®+1 cosec’® -1l _ |0 cosec’® —1=0
0 40 2 0 40 2
X p q
Example 4 Show that A=[p x ¢| = (x-p) (& + px—24¢%)
q9 9 X
Solution Applying C, — C, - C,, we have
X=p p q L p gq
A=lp-x x ¢q| =(x-p)J|-1 x ¢
0 q x 0 g x
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0 p+x 2¢q
=(x-p)-1 x q| ApplyingR, — R, +R,
0 q X

Expanding along C , we have

A=(x—p)(px+x"=2q") = (x=p)(x*+ px—2q°)

0 b-a c-a
Example 5If A=|a—b 0 c¢—b|, then show that Ais equal to zero.
a—c b-c 0
0 a-b a-c
Solution Interchanging rows and columns, we get A=b—a 0 b-c
c—a c-b 0
Taking ‘-1 common from R, R, and R,, we get
0 b-a c-a
A=-=Dla-b 0 c-bl=—A
a-c b-c 0
= 2A =0 or A =0

Example 6 Prove that (A') = (A", where A is an invertible matrix.
Solution Since A is an invertible matrix, so it is non-singular.

We know that IAl = [A’l. But IAl#0. So IA’l#0 i.e.A’is invertible matrix.
Now we know that AA'=A"1A=1

Taking transpose on both sides, we get (A™)” A’=A" (A =) =1
Hence (A7) is inverse of A’, ie., (A= (A"

Long Answer (L.A.)

x 2 3
Example 7 If x = — 4 is aroot of A=l x 1/=0, then find the other two roots.
3 2 x
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Solution Applying R, = (R, + R, + R,), we get

x+4 x+4 x+4
1 x 1
3 2 X

Taking (x + 4) common from R , we get

1 1 1
A=x+4) |1 x 1
3 2 x

ApplyingC, - C,-C,,C, > C, - C,, we get

1 0 0
A=x+4)1 x-1 0
3 -1 x-3

Expanding along R ,

A= (x+4)[(x—1) (x—3)-0]. Thus, A= 0 implies
x=-4,1,3

Example 8 In a triangle ABC, if

1 1 1
1+sinA 1+sinB 1+sinC |=0,

sinA+sin” A sinB+sin’B  sinC+sin*C
then prove that AABC is an isoceles triangle.

1 1 1
Solution Let A = I+sin A I+sinB 1+sinC
sinA+sin> A sinB+sin’B  sinC+sin’C
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1 1 1

_ 1+sinA 1+sinB 1+sinC R, >R, - R,

2 2 2
—cos"A —cos“"B —cos“C

1 0 0

_ 1+sin A sinB—sin A sinC—sinB .(C3—>C3—C2 andC2—>C2—Cl)

—cos” A cos’A—cos’B  cos® B—cos’C
Expanding along R , we get
A = (sinB — sinA) (sin’C — sin’B) — (sinC — sin B) (sin’B — sin*A)
= (sinB - sinA) (sinC — sinB) (sinC —sin A) =0
= either sinB — sinA =0 or sinC — sinB or sinC — sinA =0
= A=BorB=CorC=A

i.e. triangle ABC is isoceles.

3 -2 sin30 .
Example 9 Show that if the determinant A=| =7 8  c0s26|=0, then sin® =0 or 5
-11 14 2

Solution Applying R, = R, + 4R and R, 5 R, + 7R, we get

3 =2 sin 30
5 0 cos20+4sin30|=0
10 0O 2+7sin30

or 2[5 (2 + 7 sin30) — 10 (cos20 + 4sin30)] =0
or 2 + 7sin30 — 2c0s20 — 8sin30 =0
or 2-2c0s20 —sin30 =0

sin® (4sin’0 +4sin® —3)=0
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or sin® =0 or (2sin® — 1) =0 or (2sin@ + 3) =0

1
or sin® =0 or sinO = 5 (Why ?).

Objective Type Questions

Choose the correct answer from the given four options in each of the Example 10 and 11.

Ax x* 1 A B C
Example 10 Let A=|By y* 1| and A=|x 'y z|, then
Cz z° 1 Zy Xy
(A) A =-A (B) A=A
©) A-A=0 (D) None of these
A B C A x yz
Solution (C) is the correct answer since 4,=|x 'y z| =B y
Yy Xy C z x
2 Ax X1
Ax x° xyz
1 2 Xz B 2
=—1|By ¥y xyz = xyz Yoy =A
*yz 2 Cz 2 1
Cz % xyz
cos x —sinx 1
Example 11 If x, y € R, then the determinant A=| sinx cos x 1| lies

cos(x+y) —sin(x+y) O

in the interval
A) —V2.42 (B) [-1, 1]
©) —2.1 (D) -1,-+2,

Solution The correct choice is A. Indeed applying R,— R, — cosyR, + sinyR , we get
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cosx —sinx 1
A=[sinx cosx 1
0 0 sin y —cos y

Expanding along R, we have

A = (siny — cosy) (cos?x + sin*x)

1 1
— (<inv — _\2 —=sin y——=cos y
= (siny — cosy) = NG NG

_\2 cosEsin —sinEcos - i I
= 4 SImYTSINCOSY = sin (v )
Hence -,/ <A< /.
Fill in the blanks in each of the Examples 12 to 14.
Example 12 If A, B, C are the angles of a triangle, then
sin? A cotA 1

A=[sin’B  cotB 1| =.............
sin’C  cotC 1

Solution Answer is 0. Apply R, > R, -R,R;, > R, -R,.

NN RN RN
Example 13 The determinant A= JIs5+446 5 10| is equal to ...............

3+4115 V15 5

Solution Answer is 0.Taking /5 common from C, and C, and applying
C,—-C - NE) C,, we get the desired result.

Example 14  The value of the determinant
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sin’23° sin’ 67° cos180°
A=|-sin?67° —sin®23° cos*180%=..........

cos180° sin%23° sin2 67°

Solution A=0. Apply C, - C, + C, + C..
State whether the statements in the Examples 15 to 18 is True or False.

Example 15  The determinant

cos(x+y) —sin(x+y) cos2y
A=| sinx cos X sin y

—cosx sin x cos y

is independent of x only.
Solution True. Apply R, — R, + sinyR, + cosy R, and expand
Example 16  The value of

1 1 1
n Cl n+2 Cl n+4 Cl
n C2 n+2 C2 n+4 C2

is 8.

Solution True

x 5 2
Example 17 If A= 2 y 3 ,xyz =80, 3x + 2y + 10z =20, then
1 1 z
81 0 O
Aadi A= 0 81 0
0 0 81

Solution : False.
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Example 18 If A=

N o= O

thenx=1,y=-1.
Solution True

4.3 EXERCISE
Short Answer (S.A.)

DETERMINANTS 77

1
4 3
| 3 2 2
2 x A= L3 3
S 2 2

1 1

)

Using the properties of determinants in Exercises 1 to 6, evaluate:

, at+x y z
N x“=x+1 x-1 5 X aty z
x+1 x+1 X y  a+z
2
0 x xz 3x —x+y —x+z
3 xy 0 yz 4 xX—y 3y -y
x’z zy2 0 xX—z Y-z 3z
x+4  x a—-b-c 2a 2a
5 x x+4 6 2b b—c—a 2b
X x x+4 2c 2c c—a-b
Using the proprties of determinants in Exercises 7 to 9, prove that:
y’Zh yz y+z y+z 2 y
7 'z 24 =0 g | 2 ztx x |=dxz
xzy2 Xy x+y y X  x+y
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a’*+2a 2a+1 1
2a+1  a+2 1=(a-1)
3 31

1 cosC cosB

10.  TfA+B+C=0, then prove that [©°SC 1~ cosA=0
cosB cosA 1

11. If the co-ordinates of the vertices of an equilateral triangle with sides of length
2
x oy 1
PR -
‘a’ are (x,, y), (x,, ¥,), (x;, ,), then |72 V2 -
Xy 1
1 1 sin30
12. Find the value of 0 satisfying | -4 3 ¢0s20|=0.
7 -1 2

4—x 4+x 4+x
13. If 4+x 4—-x 4+x =0, then find values of x.
4+x 4+x 4-x

14. If a, a,, a,, ..., a_are in G.P., then prove that the determinant
ar+1 ar+5 ar+9
a a a

r+7 r+l1

15| is independent of r.

a1 Gry17 Gy

15. Show that the points (a + 5, a — 4), (a — 2, a + 3) and (a, a) do not liec on a
straight line for any value of a.

16. Show that the AABC is an isosceles triangle if the determinant
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1 1 1
A= 1+cosA 1+cosB 1+cosC |=0.

cos’ A+cosA cos’B+cosB  cos?C+cosC

011 5
. : a4 AT=31
17. Find A'if A=1 0 1 andshow that A~ = 7
1 10
Long Answer (L.A.)
1 2 0
18. If A=|-2 -1 -2/, find A"
0 -1 1
Using A"', solve the system of linear equations
x=2y=10,2x— y—-z=8,2y+z="17.
19. Using matrix method, solve the system of equations
3x+2y-2z=3, x+2y+3z=6,2x—-y+z=2.
2 2 4 1 -1 0
20. Given A= -4 2 -4 B= 2 3 4 | find BA and use this to solve the
2 -1 5 0 1 2
system of equations y +2z=7,x—y =3, 2x+3y+4z=17.
a b c
21. Ifa+b+c#0and b ¢ a =0, then prove thata = b = c.
c a b
bc—a® ca-b*> ab-c’
22, Prove that [ca—b* ab—c* bc—a®|is divisible by a + b + ¢ and find the

2

ab—c* bc—a*® ca-b*

quotient.
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xa yb zc a b c

23. If x+y+z=0, prove that |yc za xbj=xyz|c a b
zb xc ya b ¢ a

Objective Type Questions (M.C.Q.)

Choose the correct answer from given four options in each of the Exercises from 24 to 37.

aa 1t Y= T then value of xi
. 8 X = 7 3 . cn value o1 x 18
(A 3 (B) +3
(®) +6 (D)

a—b b+c a
25. The value of determinant b-a ct+a b
c—a a+b c
(A) @+ b+ (B) 3 be
©) a + b+ & - 3abc (D) none of these

26. The area of a triangle with vertices (-3, 0), (3, 0) and (0, k) is 9 sq. units. The
value of k will be

@A) 9 (B) 3
o -9 (D) 6

b*—ab b-c bc—ac
27. The determinant |[ab—a® a—b b*—ab equals

2
bc—ac c¢c—a ab-a

(A) abc (b—c) (¢ — a) (a — b) B) (b—c) (c —a) (a - b)
©) (@a+b+c)(b-c)(c—-a)(a-Db) (D) None of these
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29.
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sinx COSXx COSX

The number of distinct real roots of [cosx sinx cosx| = 0 in the interval

COSX CcOosx sinx

%S xS% is
(A) 0 (B) 2
© 1 (D) 3

If A, B and C are angles of a triangle, then the determinant

-1 cosC cosB

cosC -1 cosAl isequal to
cosB cosA -1
A 0 B) -1
©) 1 (D) None of these
cost t 1
. . f(@)
Let f(f) = |2sint ¢ 2f|, then }I—{I(}t_z is equal to
sint t t
A 0 B) -1
<o 2 D)y 3
1 1 1
The maximum value of A=| 1 1+sin® 1] is (0 is real number)

1+cos6 1 1

(A) (B)

N | =

© 2 (D)

4;‘% N|$\
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32.

33.

34.

35.

36.

MATHEMATICS

0 x—-a x-b
If f(x)=|x+a 0 x—c| , then
x+b x+c 0

A f@=0 B) fb)=0
©  fO=0 D) =0

2 A 3
If A= 0 2 5 | then A!exists if

1 1 3
(A) A=2 B) Az 2
©) A#-2 (D) None of these
If Aand B are invertible matrices, then which of the following is not correct?
(A) adj A = 1Al. A™! (B) det(A)™! = [det (A)]!
© (AB)!' = B! A! (D) (A+B)'=B"'+A"!

I+x 1 1
If x,y, z are all different from zeroand | 1 1+y 1 |=0, then value of
1 1 1+z

xt+yt+z71is
(A)  xyz B) x'y'z!
© -Xx -y —z (D) -1

x x+y x+2y

The value of the determinant [x+2y X x+y|is

x+y x+2y X

A I (x+y) B) 9 (x+y)
© 3y x+y D) T (x+y)
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1 -2 5
37. There are two values of @ which makes determinant, A=|2 g —1|/=86, then
0 4 2a
sum of these number is

A 4 B) 5

<© -4 D) 9
Fill in the blanks
38. If A is a matrix of order 3 x 3, then I3Al = .
39. If A is invertible matrix of order 3 x 3, then [A™'|

2 2
(2*+27) (2*-27) 1
X —X 2 X —-X 2 .
40. If x, y, z € R, then the value of determinant (3 +3 ) (3 -3 ) 1] is
2 2
(4 +47) (4-a>) 1
equal to
N
0O cosB sinB
41, Tfcos26 =0, then [C0S9 sin® 0 | =
sin 0 0 cosB

42. If A is a matrix of order 3 x 3, then (A% =
43. If A is a matrix of order 3 x 3, then number of minors in determinant of A are
44. "_F;lg_s_u_n;_of the products of elements of any row with the co-factors of

corresponding elements is equal to

x 3 7
45. Ifx=-9isarootof |2 x 2| =0, then other two roots are
7 6 «x

0 xXyz Xx—2z
46. y—Xx 0 y—z| =
Z—x z—Yy 0
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1+0"7 1+0° 1+0*
47.  If f(x) = |0+ (1+x0* (1+x’| = A + Bx + Cx> + ..., then
1+ 1+0% q+x0Y

A =

State True or False for the statements of the following Exercises:

3\! -1\ . .
48. (A ) = (A ) , where A is a square matrix and IAl # 0.

[N
49. (aA)'= ZA , where a is any real number and A is a square matrix.
50. IA~'l # |AI"', where A is non-singular matrix.

51. If A and B are matrices of order 3 and |Al = 5, IBl = 3, then
I3ABI =27 x5 x 3 =405.

52. If the value of a third order determinant is 12, then the value of the determinant

formed by replacing each element by its co-factor will be 144.

x+1l x+2 x+a
53. x+2 x+3 x+b|=0, where a, b, ¢ are in A.P.
x+3 x+4 x+c

54. ladj. Al = |Al*, where A is a square matrix of order two.

sinA cosA sinA+cosB
55. The determinant [sinB  cosA  sinB+cosB|is equal to zero.
sinC cosA sinC+cosB

x+a p+u I+f
56. If the determinant |y+b g+v m+ g| splits into exactly K determinants of
z+c r+w n+h

order 3, each element of which contains only one term, then the value of K is 8.
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a p x p+x a+x a+p
57.  Let A=|b ¢ y|=16, then A;=|g+y b+y b+q|=32.
c r b r+z c+z c+r
1 1 1 |
58. The maximum value of {I (1+sin0) 1 s —.

1 1 1+cosH

e O L ——
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Chapter 5

CONTINUITY AND

DIFFERENTIABILITY

5.1 Overview
5.1.1 Continuity of a function at a point

Let f be a real function on a subset of the real numbers and let ¢ be a point in the
domain of f. Then fis continuous at c if

lim f (x)=f (¢)

More elaborately, if the left hand limit, right hand limit and the value of the function
at x = ¢ exist and are equal to each other, i.e.,

lim f (x)=f (€)= lim f (x)

then fis said to be continuous at x = c.

5.1.2 Continuity in an interval

(1) fis said to be continuous in an open interval (a, b) if it is continuous at every
point in this interval.

(i) fis said to be continuous in the closed interval [a, b] if

® f is continuous in (a, b)

o Iim ri=r(a

X—a

o lm riy=rp

x—b~
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5.1.3 Geometrical meaning of continuity

(1) Function f will be continuous at x = ¢ if there is no break in the graph of the

function at the point (c, f (c)).

(i1) In an interval, function is said to be continuous if there is no break in the
graph of the function in the entire interval.

5.1.4 Discontinuity

The function f will be discontinuous at x = a in any of the following cases :
() xlgfll f(x) and xlgfll f(x) exist but are not equal.

(i) lim f(x) and xlgfll f(x) exist and are equal but not equal to f (a).

X—a

(iii) f(a) is not defined.

5.1.5 Continuity of some of the common functions

Function f (x) Interval in which
_ f is continuous

1. The constant function, i.e. f(x) =c
2. The identity function, i.e. f(x) =x R

3. The polynomial function, i.e.

— —1
fX=a,x"+a x""'+..+a_x+a,

4. 1x—al (=00 ,00)
5. x™, n is a positive integer (=00 ,00 ) — {0}
6. p (x) / g (x), where p (x) and g (x) are R-{x:qgx)=0}
polynomials inx
7. sin x, cos x R
b
8. tan x, sec x R—{(2n+1)5:neZ}
9. cot x, cosec x R-{(nmt:ne Z}
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10. e* R

11. logx 0, =)

12. Theinverse trigonometric functions, In their respective
ie., sin”'x, cos! x etc. domains

5.1.6 Continuity of composite functions

Let f and g be real valued functions such that (fog) is defined at a. If g is continuous
at a and f is continuous at g (a), then (fog) is continuous at a.

5.1.7 Differentiability
fG+h)-f(x)

The function defined by f (x) = }}Hé#, wherever the limit exists, is
—

defined to be the derivative of f at x. In other words, we say that a function f is

Slerm=f(o)
h

differentiable at a point c in its domain if both P}Hgl , called left hand

St =jl)
h

derivative, denoted by Lf” (c), and P}Hgl , called right hand derivative,

denoted by R f” (¢), are finite and equal.

(1) The function y = f (x) is said to be differentiable in an open interval (a, b) if
it is differentiable at every point of (a, b)

(i1) The function y=f(x)is said to be differentiable in the closed interval [a, b]
if Rf (a)and L f (b) exist and f" (x) exists for every point of (a, b).

(iii) Every differentiable function is continuous, but the converse is not true

5.1.8 Algebra of derivatives

If u, v are functions of x, then

_duty) _ﬂ+ﬂ i i(uv)—uﬂ+vﬂ
() dx dx ~ dx (if) dx dx dx
du dv
V——u—
(i) dfu)_"dx dx
dx\ v v?
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5.1.9 Chain rule is a rule to differentiate composition of functions. Let f = vou. If

df dv dt

t = u (x) and both E and E exist then E_ E E

5.1.10 Following are some of the standard derivatives (in appropriate domains)

1 i(sin'l x) = ! 5 i(cos'lx)= -1

" odx 1-x° dx 1-x°
3. %(tan'lx)z 1+1x2 4. %(COt_lx)z s
s %(sec'lx)zwﬁ,hbl
6 i(cosec'lx): ,|x|>1

-1
©odx |x|\/x2 -1
5.1.11 Exponential and logarithmic functions

(i) The exponential function with positive base b > 1 is the function
y=f(x)=>b" Its domain is R, the set of all real numbers and range is the set
of all positive real numbers. Exponential function with base 10 is called the
common exponential function and with base e is called the natural exponential
function.

(i) Let b > 1 be a real number. Then we say logarithm of a to base b is x if b*=a,
Logarithm of a to the base b is denoted by log, a. If the base b = 10, we say
itis common logarithm and if b = e, then we say it is natural logarithms. logx
denotes the logarithm function to base e. The domain of logarithm function
is R*, the set of all positive real numbers and the range is the set of all real
numbers.

(i) The properties of logarithmic function to any base b > 1 are listed below:

L. log, (xy) =log, x + log, y

X
2. log, [;] =log, x—log, y
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3. log, x" = nlog, x

log. x
4. 10gbx:10g—b , where ¢ > 1

1

log b
6. log, b =1andlog, 1 =0

5. log, x

d X X
(iv) The derivative of e* w.r.t,, x is e* i.e.d—(e )=e¢" . The derivative of logx
x

1 d 1
wrt, xis —;ie. —(logx)=—.
X dx X

5.1.12 Logarithmic differentiation is a powerful technique to differentiate functions
of the form f'(x) = (u (x))*™, where both f and u need to be positive functions
for this technique to make sense.

5.1.13 Differentiation of a function with respect to another function

Let u =f(x) and v = g (x) be two functions of x, then to find derivative of f(x) w.r.t.

du
to g (x), i.e., to find d_’ we use the formula
v

du
du _ dx
dv dv .

dx

5.1.14 Second order derivative

d dy d’
I d_z _W is called the second order derivative of y w.r.t. x. It is denoted by y” or
y, ity =f ().

5.1.15 Rolle’s Theorem

Letf: [a, b] — R be continuous on [a, b] and differentiable on (a, b), such that f (a)

=f(b), where a and b are some real numbers. Then there exists at least one point ¢ in
(a, b) such that f” (c) = 0.
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Geometrically Rolle’s theorem ensures that there is at least one point on the curve
y =f(x) at which tangent is parallel to x-axis (abscissa of the point lying in (a, b)).

5.1.16 Mean Value Theorem (Lagrange)

Letf: [a, b] — R be a continuous function on [a, b] and differentiable on (a, b). Then

f®)-f(a)
= .

there exists at least one point ¢ in (a, b) such that f” (¢) =

Geometrically, Mean Value Theorem states that there exists at least one point ¢ in
(a, b) such that the tangent at the point (c, f (¢)) is parallel to the secant joining the

points (a, f (a) and (b, f (D)).
5.2 Solved Examples

Short Answer (S.A.)

Example 1 Find the value of the constant k so that the function f defined below is

) 1—cosdx
continuous at x = 0, where Jf(x) = 8—2,x¢0 .
X

k, x=0

Solution It is given that the function fis continuous at x = 0. Therefore, £1_>m0 fx)=£(0)

I-cosdx

= !}E} 8x? k
2sin*2x
= = X
. 2
. lim sin2x —k
x—0 2x
= k=1

Thus, fis continuous at x =0 if k = 1.
Example 2 Discuss the continuity of the function f(x) = sin x . cos x.

Solution Since sin x and cos x are continuous functions and product of two continuous
function is a continuous function, therefore f{x) = sin x . cos x is a continuous function.
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X +x° —16x+20 D
Example 3 If f(x)= (x-2)? ’ is continuous at x = 2, find
k , x=2
the value of k.
Solution Given f (2) = k.
X +x—16x+20
(x-2)°

Now, lim f(x)= lim f (x)=1lim
x—27 x—2* X

. (x+5)(x-2)°
= lim————
=2 (x=2)
As fis continuous at x = 2, we have
lim /(x)= £(2)
= k="17.
Example 4 Show that the function f defined by

=lim(x+5)=7

.1
xsin—, x #0

f= X
0, x=0

is continuous at x = 0.
Solution Left hand limit at x = 0 is given by

. . 1 1
lim f(x)=lim xsin— = [since, -1 < sin— < 1]
x—0 x>0 X X
.. . . .1
Similarly hIg} f)= 111(1)1 xsin—=0_ Moreover £ (0) = 0.
x> x> X
Thus )}ggl fx)= }ggl fx)=f(Q0), Hence fis continuous at x =0

1
Example 5 Given flx) = e Find the points of discontinuity of the composite
x —

function y = f [f(x)].

1
Solution We know that f(x) = ﬁ is discontinuous at x = 1

Now, for x =1,
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frey =1 =1 , 2-x,

which is discontinuous at x = 2.
Hence, the points of discontinuity are x =1 and x = 2.

Example 6 Let f(x) = x|x|, for all x € R. Discuss the derivability of f(x) at x = 0

£ X2, if x>0
Solution Wi it x) =
olution We may rewrite f as _x2if x<0
Lo SO+ -fO) . =k =0_ .
NowLf” (0= Jim === ==~ h=0

Now Rf’ (0) = lim FOD =7 O _ iy hz_o:hmhzo

h—0* h 0" h h—0"

Since the left hand derivative and right hand derivative both are equal, hence f is
differentiable at x = 0.

Example 7 Differentiate \/tan./y W.It X

Solution Lety = \/tan+/x - Using chain rule, we have

d—y:;.i(tan\/;)
dx  2\tanfx @

_ seczf— Jx
_2\/tanf )

——(sec’\x)

24/tan \/; \/7

(sec’ \/;)
= 4dxtanx

d
Example 8 If y = tan(x + y), find Ey.

Solution Given y = tan (x + y). differentiating both sides w.r.t. x, we have
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dy ) d
—=sec’(x+y)—(x+
dx (x+) dx (x+)

Y
=sec’(x +y) 1"‘5

2 ﬂ_ 2
or [1—sec*(x +y] dx—sec x+y

dy sec’ (x+y)

- = — 2
dx 1-sec® (x+y) cosec” (x + ).

Therefore,

Example 9 If e* + ¢’ = e*¥, prove that
dy

v
dx
Solution Given that e¢* + ¢’ = ¢. Differentiating both sides w.r.t. x, we have
d
e+ eyﬂ =™ 1+2
dx dx
d
or (e - e‘+y)—y = e+’ - ¢
dx
o dy e —e" e'ted—et |
which implies that dx & - o — o —o =—e

Y o W I
Example 10 Find dx,lfy—tan 1-32 | \/§ \/g

. - T
Solution Put x = tan@, where ? <0< g

1-3tan’ 0
=tan' (tan39)

3tanO—tan’ @
Therefore, y=tan' | 7 S 2.

-7 T
=309 (because 7<39<5 )

= 3tan'x
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dy 3

Hence, o1 e

d
Example 11 If y = sin™! {xvl—x—\/;\/l—xz }and 0 <x <1, then find d_y
X
Solution We have y = sin™ {XVI—X—\/;\H—XZ }, where 0 < x < 1.

Put x = sinA and .[x =sinB
Therefore, y = sin™! {sinA 1-sin’ B —sinB 1—sin2A}

= sin'{sin AcosB —sinBcos A}

=sin"' {sin(A-B)}=A-B

Thus y=sin'x - sin” [y
Differentiating w.r.t. x, we get
b1 L4
dx \/1_x2 \/l_\/QZ dx
1 1

= _2 2dxl—x-

d T
Example 12 If x = a sec*@ and y = a tan’@, find Ey at 9=§.

Solution We have x = a sec’@ and y = a tan’9.
Differentiating w.r.t. 9, we get

ﬂ=3a sec’ Gi(sec 8)=3asec’ Otan 0

do

and ﬂ:3a tan’ ei(tan 0)=3atan’ Bsec’ 0 |

do
dy
Q_ﬁ_ﬁ%atanzesecze_tane
Thus  gx dx  3asec’@tan®  sec
do
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dy log x

Example 13 If »"= e, prove that —- = "1, 57 -

Solution We have x’ = ¢ . Taking logarithm on both sides, we get

ylogx=x-y
= y(1+logx)=x
: _r
1.e. Y= 1+logx

Differentiating both sides w.r.t. x, we get

1
(I+logx).1—x —
dy X

dr (I+logx)>  (+logx)?

log x

d’y cos x

Example 14 If y= tanx + secx, prove that Rl m

Solution We have y = tanx + secx. Differentiating w.r.t. x, we get

dy s
— = sec®x + secx tanx
dx
1 . sin x 14sin x 1+sinx

cos’x cos®x cos’x ~ (I+sinx)(1-sinx) "

d_y ~ 1
thus dx = l-sinx’

Now, differentiating again w.r.t. x, we get

(-sinx)> (I—sin x)

dx

d*y —(~cos x) COoS X
2

3n
Example 15 If f (x) = Icos xl, find f’ T .
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T
Solution When E <x < T, cosx <0 so that Icos x| = —cos x, i.e., f(x) = —cos x
[’ (x) = sin x.

3 1

, 3m )
Hence, f 1 - sin 7 B
T
Example 16 If f (x) = Icos x — sinx|, find f~ g .

T ) ) .
Solution When 0 < x < Z’ cos x > sin x, so that cos x —sin x > 0, 1.e.,

f (x) =cosx—sinx

[’ (x)=—sinx—cos x
T T T 1
Hence f’ 6 =" sing —cos e = —E(1+\/§).
T
Example 17 Verify Rolle’s theorem for the function, f(x)=sin 2x in 0, 5
T
Solution Consider f (x) = sin 2x in 0, 5 . Note that:
T
) The function f is continuous in 0, 5 »as f is a sine function, which is

always continuous.

I I
(i) f7 (x) = 2cos 2x, exists in 0, 5 , hence f is derivable in [O’Ej’

(1ii) f(0)=sin0 =0 and f % =sint=0=>f(0)=f %

T

Conditions of Rolle’s theorem are satisfied. Hence there exists at leastone ce 0, E

such that f’(c¢) = 0. Thus

NG|

T
2cos2c=0 = 2c=§ = c=
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Example 18 Verify mean value theorem for the function f (x) = (x —3) (x—6) (x - 9)
in [3, 5].

Solution (i) Function f is continuous in [3, 5] as product of polynomial functions is a
polynomial, which is continuous.

(i) f’(x) = 3x* = 36x + 99 exists in (3, 5) and hence derivable in (3, 5).

Thus conditions of mean value theorem are satisfied. Hence, there exists at least one
c € (3, 5) such that

v L O=FO)
o=t

8-0
=>3C2—366‘+99=T =4

/13
= 6%,|—
= 3

13
Hence ¢=6 —\/; (since other value is not permissible).

Long Answer (L.A.)

\/Ecosx—l ¢7t

Example 19 If f (x) = m’x 7

T T
find the value of f 4 S0 that f (x) becomes continuous at x = 1

\/Ecosx—l T

Solution Given, f (x) = —_“~— - X* 7

\/Ecosx—l

lim f(x)=1lm
“f( ) cotx—1

x> x>
4

Therefore,

(\/Ecosx—l)sinx
_ lim

- Hg COSXx—sInx

i (\/Ecosx—l) (\/Ecosx+1) (cos x+sin x)

. (\/Ecostrl).(cosx—sinx)’(cosx+sin x)‘smx
4
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) 2cos’x—1 cosx+sinx , .
lim - ——. (sinx)
= 5T cos"x—sin” x J2cosx+1

4

. cos2x [ cosx+sinx .
lim : (sin x)
= Hg cos2x \/Ecosx+1

(cosx+sinx)

lim sin x

= x_% \/Ecos x+1

1

AN

1
= -1 5
\/5.—+1
V2

-
-

lim f (x)=l
L 2
x—>z

Thus,

) 1 T
If we define J [Z JZE , then £ (x) will become continuous at X :Z . Hence for fto be

) T f L
continuous at X=—, - .
4 4 2

1

e*—1 .
,0f x#0
Example 20 Show that the function f given by f)= et +1
0, if x=0

is discontinuous at x = 0.

Solution The left hand limit of f at x = 0 is given by

1

ex—1 0-1
li =i A, |
Nim f (0= Im ===

e* +1
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Similarly,
e* +1

1

I—AI 4

lim —=— . l_ex _1_0_
= w0 1 =TT

1 l+ex
eX

Thus lim f(x)#lim f (x), therefore, lim f (x) does not exist. Hence f is discontinuous
x=0 x—0" x—0

atx =0.

1-cos4
Iocosdx oo
X

Example 21 Let f(x)= ¢ ,if x=0

x
J16++/x -4

For what value of a, fis continuous at x = 0?

,if x>0

Solution Here f (0) = a Left hand limit of fat O is

1—cos4 in2
lim f(x)= lim ——~ :ﬁmzstzx
x—0" x—0" X =0 X
2
2
= lim 8 22 _g (=8,
2x—0"

and right hand limit of fat 0 is

Jx
lim f (x)= lim —————
x—0 x—0 }16_’_ \/; —4

. Jx (J164+x +4)
= o0 (J164+x +4) (J164/x —4)
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i YOO («/16+\/; +4)=8

-0 16+/x—16 150"

Thus, 15%)1 fo)= hj} S (x)=8. Hence fis continuous at x = 0 only if a = 8.
Example 22 Examine the differentiability of the function f defined by
2x+3,if —3<x<-2
f(x)= x+1 ,if —2<x<0
x+2 ,if 0<x<1

Solution The only doubtful points for differentiability of f(x) are x =—2 and x = 0.
Differentiability at x = — 2.

Now L f ’(-2) = lim f 2+ -f(2)

h—0~ h

222+M+3-(24D) _ (. 2k

= hm
h—0~ h 0" h—0”
. —24+h)—f (-2

and Rf’(—2)=hll§)1+f( })l /2

. 2+h+1-(2+1)

= lim
h—0~ h

_lim D P
h—0~ h h—0" h

Thus R f * (=2) # L f 7 (-2). Therefore f is not differentiable at x = — 2.
Similarly, for differentiability at x =0, we have

. O+h)—f (0
L= tim L 2 £ ()
. 0+h+1-(0+2)
= lim————
h—0"

— limﬁz lim 1—l
-0~ h h—0"

which does not exist. Hence fis not differentiable at x = 0.
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1-x*
Example 23 Differentiate tan™! N with respect to cos™ (2X\/ 1-x? ) , where

xe —,1

V2

1-x°
Solution Let u = tan’! . and v = cos’! (2x\/1— x° ) )

@
du _ dx
We want to find 4,  dv
dx
1-x° T 5 T
= e = q —<o<—
Now u = tan x . Put x = sin®. 4 5 |
1 1—sin’0 1
Then u = tan sin® = tan™ (cot 0)
T % T
—tap! Jtan| =—0 [f==-0 =Z_gin™"
= tan { [2 J} > 2 sin” x
@_ -1
Hence g, 1—2

Now v=cos' (2x \J1-x%)
T
=5 sin”! (2x \/1-x%)

_ %_ sin"! (2sin® /1-sin>@)= g—sin_l (sin 26)

T T
= E—Sin_l {sin (m —206)} [since B <20<m]
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I (n-20="T+20
2 2
= ogin
= V= ) + 2sin"'x
dv 2
= dx 1—X2 .
du 1
du_de _N1-x* -1
Hence dv dv 2 2
dx 1-x?

Objective Type Questions

Choose the correct answer from the given four options in each of the Examples 24 to 35.
sin x

Example 24 The function f(x) = %
k

+cosx,if x#0

,if x=0
is continuous at x = 0, then the value of k is
(A 3 (B) 2
o 1 D) 15

Solution (B) is the Correct answer.

Example 25 The function f (x) = [x], where [x] denotes the greatest integer function,
1s continuous at

(A) 4 B) -2

(© 1 (D) 1.5
Solution (D) is the correct answer. The greatest integer function[x] is discontinuous
at all integral values of x. Thus D is the correct answer.

1
Example 26 The number of points at which the function f (x) = x—[x] is not
continuous is
A 1 B 2
© 3 (D) none of these
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Solution (D) is the correct answer. As x — [x] = 0, when x is an integer so f (x) is
discontinuous for all x € Z.

Example 27 The function given by f (x) = tanx is discontinuous on the set

(A) {nn:neZ} (B) {o2nn:neZ}

©) (2n+1)g:neZ o Zinez

Solution C is the correct answer.
Example 28 Let f (x)= Icosxl. Then,
(A)  f is everywhere differentiable.

(B)  f is everywhere continuous but not differentiable at n = nx, neZ.

T
©) f is everywhere continuous but not differentiable at x = (2n + 1)5 ,

ne 7.
(D) none of these.
Solution C is the correct answer.
Example 29 The function f (x) = Ixl + Ix — 1l is
(A) continuous at x = 0 as well as at x = 1.
(B) continuous at x = 1 but not at x = 0.
©) discontinuous at x = 0 as well as at x = 1.
(D) continuous at x =0 but not at x = 1.
Solution Correct answer is A.

Example 30 The value of k£ which makes the function defined by

! .
sin—, if x#0
f)= X , continuous at x =0 is
k if x=0
A 8 B 1
< -1 D) none of these

.1 .
Solution (D) is the correct answer. Indeed 112(1) sin— does not exist.
x X

Example 31 The set of points where the functions f given by f (x) = Ix — 3 cosx is
differentiable is
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CONTINUITY AND DIFFERENTIABILITY 105

(A) R B)  R-{3}

© (0, o) (D) none of these
Solution B is the correct answer.
Example 32 Differential coefficient of sec (tan"'x) w.r.t. x is

X X
1+ x2 (B) 1+x2

(A)

1

©) X1+ x° (D) 1+ 12

Solution (A) is the correct answer.

. 2x o 2x du
Example 33 If y = S1n l[m}md y = tan 1[ 2 J, then —is

1-x dv
1 1-x2
(A) 5 B) «x ©) T2 (D) 1

Solution (D) is the correct answer.
Example 34 The value of ¢ in Rolle’s Theorem for the function f (x) = e* sinx,

xe[0, ]is
o X ooa & o I .
w £ ® 7 © 3 (D)
Solution (D) is the correct answer.

Example 35 The value of ¢ in Mean value theorem for the function f(x) = x (x — 2),
xe [1,2]is

o 3 e 2 oL o3
w 5 ® 5 © 3 (D)
Solution (A) is the correct answer.
Example 36 Match the following
COLUMN-I COLUMN-II
sin3x ifx#£0

(A) Ifafunction f(x)= X (a) I

—, ifx=0

2

is continuous at x = 0, then k is equal to
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(B) Every continuous function is differentiable (b) True

(C) Anexample of a function which is continuous ()6
everywhere but not differentiable at exactly one point

(D) The identity functioni.e. f(x) =x VxeRis a (d) False
continuous function

Solution A — ¢, B — d, C—-aD—>b

Fill in the blanks in each of the Examples 37 to 41.

1

Example 37 The number of points at which the function f (x) = log | x| is

discontinuous is

Solution The given functlon is discontinuous at x = 0, £ 1 and hence the number of
points of discontinuity is 3.

ax+1if x=1

Example 38 If f<x>:{x+2ifx<l

is continuous, then a should be equal to

Solution a =2
Example 39 The derivative of log, x w.r.t. x is

1
Solution (log,,e );

E =sec” M [x-t Lo

xample 40 If Y NP \/*_'_1 , then I is equal to
Solution O.

Example 41 The deriative of sin x w.r.t. cos x is

Solution - cot x

State whether the statements are True or False in each of the Exercises 42 to 46.

Example 42 For continuity, at x = a, each of im f (x) and xﬁ_)rf} J () is equal to f(a).

Solution True.

Example 43 y = |x — 1l is a continuous function.

Solution True.

Example 44 A continuous function can have some points where limit does not exist.
Solution False.

Example 45 |sinx| is a differentiable function for every value of x.
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Solution False.
Example 46 cos Ix| is differentiable everywhere.
Solution True.

5.3 EXERCISE
Short Answer (S.A.)

1. Examine the continuity of the function
f)=x*+2x>-latx=1
Find which of the functions in Exercises 2 to 10 is continuous or discontinuous

at the indicated points:
3x+45, if x22 12cos2x i vz0
2. TO= 5 30 fo=1
x7,if x<2 )
5, if x=0
at x=2 at x=0
2
—3x— -4
20372 e x4 if x4
4. = x-2 5. fO)=12(x-4)
57 lf‘x:2 O, lf‘x:4
at x=2 atx=4
|x|cosl, if x#20 |x—a|sin , if x#0
6. f(0)= x 7./ (0) = X
0, if x=0 0, if x=a
atx=0 atx=a
e L if x#0 —,if0<x<1
o f=1 1 9. f(x)=
: 1+e* : ) 3
. 2x° =3x+—,if 1<x<2
0, ifx=0 2
atx=0 atx=1

10, f)=|x|+]x—1] atx=1
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Find the value of k in each of the Exercises 11 to 14 so that the function fis continuous
at the indicated point:

. 216 .
. 3-8, if x$5 22 i x#2 )
X)= at x= = X =
11. 2% . if x5 12. f (%) 4* -16 at x
k , if x=2

1/1+kx — J1—kx if —1<2<0

f ()= *
13. tx=0
2x+11 if 0<x<1 at x
X—
l—c.oskx’ if x#0
14.f (0= lxsmx at x=0
5 ,lf)C:O

15. Prove that the function f defined by
_r

f =1 |xq+2x*

k , x=0

x#0

remains discontinuous at x = 0, regardless the choice of k.
16. Find the values of a and b such that the function f defined by

|x_j| ta . if x<4

o

f(x)=1a+b ,if x=4
ﬁ b, if x>4
P

18 a continuous function at x = 4.

1
17.  Given the functionf(x) = 2 Find the points of discontinuity of the composite

function y = f (f (x)).
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18.  Find all points of discontinuity of the function f (£)=— , where f=—.

1P +1-2 x-1
19. Show that the function f (x) = |sin x+cosx| is continuous at x = T.
Examine the differentiability of f, where fis defined by

xx], Lif 0<x<2
200 0= Y x-x, if 2<x<3
at x = 2.
» .1
x“sin— Lif x#0
21. f(x) = *
0 Jf x=0

at x = 0.

1+x  ,if x<2
2o J0= 05 if x>2
at x = 2.
23.  Show that f (x) = |x—5 | is continuous but not differentiable at x = 5.

24. A function f: R — Rsatisfies the equation f (x + y) =f(x) f(y) for all x, y e R,
f(x) # 0. Suppose that the function is differentiable at x = 0 and f” (0) = 2.
Prove that f'(x) = 2 f (x).

Differentiate each of the following w.r.t. x (Exercises 25 to 43) :

8x
25. e 26, — 27. log(x+\/x2+a)

X

28. log [log (log X )} 29, sinWx+cos’Nx 30, sin” (ax®+bx+c)

1
31, cos(tanyx+1) 32, sine +sinx + sin’(x) 33, Sin [ N

34, (sinx)™" 35. sin™x . cos™x 36 (x+ D2 (x+2°(x+3)*
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cos”! sin x+ cos x —_71:<x<£ tan-! 1-cosx _E<x<f
37 V2 4 4 38. l+cosx | 4 4
39, tan”' (secx+ tan x),—E< x<E
2 2
_1[ acosx—bsinx T T a
40. tan | ————— | ——<x<—and—tanx > -1
bcosx+asinx 2 b
1 1 -1 1
41 sec” — | o<x<— 42.tan1 3ax x’ X
4x” =3x NG —3ax® \E a f
1+x +a/1-x2 L<x<l 20
—I<X<LX
43. \/1+x —/1- x

d
Find Ey of each of the functions expressed in parametric form in Exercises from 44 to 48.

1 1 8 1
= =t— - 0+ 0——
44, x=t+ -, y=t . 45. X = [ GJ y=e [ GJ

46. x=3cos0 —2co0s’0, y=3sin6 — 2sin’6.

sinx= , tany=
47. 7 Y
1+logt 3+2logt
48. x=—go, y=TooE
t t
dy —ylogx
49. Ifx = e and y = e, prove that 5 =710 7.

dy b
50. Ifx =asin2t (1 + cos2t) and y = b cos2t (1—cos2t), show that [dx l”:n _; .
4

d T
51. If x = 3sinz — sin 3¢, y = 3cost — cos 3¢, find Ey att = E
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X
52. Differentiate W.I.t. Sinx.
sin x
1+x* -1
53. Differentiate tan! X w.r.t. tan”' x when x # 0.

d
Find Ey when x and y are connected by the relation given in each of the Exercises 54 to 57.

X
y
55. sec (x+y)=xy

54, sin(xy)+ _ =x*-y

56. tan!' (2 +y) =a

57. (P +y)?=xy

dy dx _
58. If ax? + 2hxy + by* + 2gx + 2fy + ¢ = 0, then show that E‘d_y_l
B dy_ x-y
59. 1If x=e’, prove that dx xlogx’

2
. d 1+logy

60. If y'=e€ , prove that —y=¥
dx logy

dy y* tan x

, show that E_—y logcosx—1°

)(cosx)(cosx)....,m

61. If y=(cosx

dy sin’(a+
62. If x sin (a + y) + sin a cos (a + y) = 0, prove that —y=w.
dx sina

d /1— 2
63. If \I-x* + \/I-y* =a (x —y), prove that d—z= ﬁ

2

64. If y=tan'x, find d_g in terms of y alone.
x
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Verify the Rolle’s theorem for each of the functions in Exercises 65 to 69.
65. f(x)=x(x-1)*in [0, 1].

T
66. f(x)=sin*x + cos*x in [0’5} )
67. f(x)=log (x*+2)-1log3in[-1, 1].
68. f(x)=x(x+3)e*in [-3, 0].
69. f(x)=4-x% in[-2,2].
70. Discuss the applicability of Rolle’s theorem on the function given by
x 41, if 0<x<1

JO% 5 i 1sxs2

71. Find the points on the curve y = (cosx — 1) in [0, 27], where the tangent is

parallel to x-axis.

72. Using Rolle’s theorem, find the point on the curve y =x (x—4), x € [0, 4], where

the tangent is parallel to x-axis.
Verify mean value theorem for each of the functions given Exercises 73 to 76.
73. f(x) = A1 in [1, 4].
74. f(x)=x*-2x2-x+31in [0, 1].
75.  f(x) =sinx — sin2x in [0, 7].

76. f(x)= (25— in[L,5].

77. Find a point on the curve y = (x — 3)% where the tangent is parallel to the chord

joining the points (3, 0) and (4, 1).

78. Using mean value theorem, prove that there is a point on the curve y = 2x* — 5x + 3
between the points A(1, 0) and B (2, 1), where tangent is parallel to the chord AB.
Also, find that point.

Long Answer (L.A.)
79. Find the values of p and ¢ so that
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2 .

x "+ 3x+p,if x<1
fn= P

gx+2 Jif x>1

is differentiable at x = 1.
If x".y" = (x + y)™", prove that
dy 2

. Yy L dy
@y L5 9
M dx x and (1) x>

2

. . L4y dy o _
If x = sint and y = sin pt, prove that (1-x>)—5 —x —+p y=0.
dx dx

dy x2+1
Find —, if y = xo +
ind ", ify=ux 5

Objective Type Questions

Choose the correct answers from the given four options in each of the Exercises 83 to 96.

83.

84.

85.

2
Iff(x)=2xand g (x) = x?+l , then which of the following can be a discontinuous

function
(A) f(0)+gx) B) f(-gX
© f).g W (D) .
f(x)
4—x
The function f (x) = dr— is

(A) discontinuous at only one point

(B) discontinuous at exactly two points
(C) discontinuous at exactly three points
(D) none of these

The set of points where the function f given by f(x) = |2x—1| sinx is differentiable is

1
(A) R (B) R- {5}
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(C) (0, 00) (D) none of these

86. The function f(x) = cot x is discontinuous on the set
(A) {x=nm:neZ} (B) {x=2nm:neZ}
(C) {x: (2n+l)g sne Z} (IV) {x:n—;c A= Z}

87. The function f(x) = e is
(A) continuous everywhere but not differentiable at x =0
(B) continuous and differentiable everywhere
(C) not continuous at x =0
(D) none of these.

1
88. Iff(x)= x*sin— , where x # 0, then the value of the function fat x = 0, so that
X

the function is continuous at x = 0, is
(A) 0 B) -1
<o 1 (D) none of these

mx+1 if xsg

. . T
89. If f(x)= , 1S continuous at x = 5 , then
sinx+n, if x >5

(A) m=1,n=0 (B) m:n?n+l
mT T
© n=7 (D) m=n=§

90. Letf(x) =Isin xl. Then
(A) f is everywhere differentiable
(B) f is everywhere continuous but not differentiable at x = nw, n € Z.

T
(C) f is everywhere continuous but not differentiable at x = (2n + 1) 5

ne Z.
(D) none of these

1—X2 dy .
> |, then E is equal to

91. Ify=log [l+x
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4x° —4x
(A) (B) 17,3
1 —4x°
© 37 D) 13
. dy .
Ify= \/sinx+y, then I is equal to
cos x cos X
(A 5y B) 1y
sin x sin x
© T3, D) 5y
The derivative of cos™ (2x* — 1) w.r.t. cos 'x is
-1
(A) 2 B S -2
2
© 5 (D) 1-x
2
Ifx=7 y=~, then —5 is
X y A
3 3
A) & B) 4
3 3
© > ) e
The value of ¢ in Rolle’s theorem for the function f (x) = x* — 3x in the interval
[0, /3 1is
(A) 1 B) -1
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2o | W

© (D)

W | —

1
96. For the function f(x)=x+ ; ,x € [1, 3], the value of ¢ for mean value theorem is

(A) 1 (B) 3
) 2 (D) none of these
Fill in the blanks in each of the Exercises 97 to 101:

97. An example of a function which is continuous everywhere but fails to be
differentiable exactly at two points is

98. Derivative of x> w.r.t. x° is

0
99. If f (x) = Icosxl, then [’ 1

T
100. If f (x) = Icosx — sinx | , then f” 3 =

dy 11
= —at Ty 1
101. For the curve \/;+\/§ 1, dx [4 4J is
State True or False for the statements in each of the Exercises 102 to 106.
102. Rolle’s theorem is applicable for the function f(x) = Ix — 11 in [0, 2].
103. Iff is continuous on its domain D, then | f1 is also continuous on D.

104. The composition of two continuous function is a continuous function.

105. Trigonometric and inverse - trigonometric functions are differentiable in their
respective domain.

106. If f . g is continuous at x = a, then f and g are separately continuous at x = a.

e O i ——

20/04/2018



Chapter

(_ APPLICATION OF DERIVATIVES )

6.1 Overview

6.1.1 Rate of change of quantities

d
For the function y =f (x), I (f (x)) represents the rate of change of y with respect to x.

ds
Thus if ‘s’ represents the distance and ‘¢’ the time, then Zrepresents the rate of
change of distance with respect to time.
6.1.2 Tangents and normals

A line touching a curve y = f (x) at a point (x, y,) is called the tangent to the curve at

dy
that point and its equation is given y— Y, =( g ER (x—x).
The normal to the curve is the line perpendicular to the tangent at the point of contact,

and its equation is given as:

-1
yon= Ty W
a (x5 3)

The angle of intersection between two curves is the angle between the tangents to the

curves at the point of intersection.

6.1.3 Approximation
S (x+Ax)— f (%)

Since f'(x) = Aligo A , we can say that f’(x) is approximately equal

0 S (x+A0) - f(x)
Ax
= approximate value of f (x + A x) =f(x) + Ax .f " (x).
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6.1.4 Increasing/decreasing functions

A continuous function in an interval (a, b) is :

1) strictly increasing if for all x, x, € (a, b), x,< x,= f (x,) <f (x,) or for all
xe (a,b),f  x)>0
(i) strictly decreasing if for all x, x, € (a, b), x, <x, = f(x,)>f(x,) or for all

x€e (a,b),f'(x)<0
6.1.5 Theorem : Let f be a continuous function on [a, b] and differentiable in (a, b) then

(i) f isincreasing in [a, b] if f” (x) > O for each x € (a, b)
(i) f is decreasing in [a, b] if f’ (x) <O for each x € (a, b)
(iii) f is a constant function in [a, b] if f’ (x) = 0 for each x € (a, b).

6.1.6 Maxima and minima
Local Maximum/Local Minimum for a real valued function f
A point c in the interior of the domain of f; is called

(1) local maxima, if there exists an & > 0 , such that f (¢) > f (x), for all x in
(c=h,c+h).

The value f (c) is called the local maximum value of f.

(i) local minima if there exists an 2 > 0 such that f (¢) < f (x), for all x in
(c=h,c+h).

The value f (c) is called the local minimum value of f.

A function f defined over [a, b] is said to have maximum (or absolute maximum) at
x=c,ce€ la, bl,iff (x) <f(c) forall x € [a, b].

Similarly, a function f (x) defined over [a, b] is said to have a minimum [or absolute
minimum] at x = d, if f(x) = f(d) for all x € [a, b].

6.1.7 Critical point of [ : A point ¢ in the domain of a function f at which either
f’ (¢) =0 or fis not differentiable is called a critical point of f.

Working rule for finding points of local maxima or local minima:
(a) First derivative test:

(1) If £’ (x) changes sign from positive to negative as x increases through
¢, then c is a point of local maxima, and f (c) is local maximum value.
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(i) If £’ (x) changes sign from negative to positive as x increases through
¢, then c is a point of local minima, and f (c) is local minimum value.
(i) If f’ (x) does not change sign as x increases through c, then c is
neither a point of local minima nor a point of local maxima. Such a
point is called a point of inflection.
(b) Second Derivative test: Let f be a function defined on an interval I and

c e L. Letf be twice differentiable at c. Then

(@)

(it)

(ii)

x = ¢ is a point of local maxima if f’(¢) = 0 and f”(c) < 0. In this case
f(c) is then the local maximum value.

x = cis a point of local minima if f” (¢) = 0 and f”(c) > 0. In this case
f(c) is the local minimum value.

The test fails if f’(c) =0 and f” (¢) = 0. In this case, we go back to
first derivative test.

6.1.8 Working rule for finding absolute maxima and or absolute minima :

Step1:

Find all the critical points of fin the given interval.

Step 2 : At all these points and at the end points of the interval, calculate the

values of f.

Step 3 : Identify the maximum and minimum values of f out of the values

calculated in step 2. The maximum value will be the absolute maximum
value of f and the minimum value will be the absolute minimum
value of f.

6.2 Solved Examples

Short Answer Type (S.A.)

Example 1 For the curve y = 5x — 2x%, if x increases at the rate of 2 units/sec, then
how fast is the slope of curve changing when x = 3?

Solution Slope of curve = 2 5—-6x2

d
= dr

(

dy

dx

dx

P
=- x.dt
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=-12.(3).(2)

= —72 units/sec.

Thus, slope of curve is decreasing at the rate of 72 units/sec when x is increasing at the
rate of 2 units/sec.

T
Example 2 Water is dripping out from a conical funnel of semi-vertical angle 7 at the

uniform rate of 2 cm?/sec in the surface area, through a tiny hole at the vertex of the
bottom. When the slant height of cone is 4 cm, find the rate of decrease of the slant
height of water.

Solution If s represents the surface area, then /\
r

as
di= 2cm? /sec

T T

_ _ o T
s—nr.l—nl.s1n4l—\/§
ds 2m  dl dl
— = _l‘_: 2 T
Therefore, " 5 dr NI 2t
f Fig. 6.1
dl 1 ) 1 2 .

_ _— 2= =—2C
when [ = 4 cm, dt \/571:.4 2\/57]: AT

Example 3 Find the angle of intersection of the curves y*= x and x*= y.

Solution Solving the given equations, we have y’=xand ¥*=y=x*=x or x*—x=0
= xxP-1)=0=>x=0,x=1

Therefore, y=0, y=1

i.e. points of intersection are (0, 0) and (1, 1)

Further y' = x = 2y =1 &
urther y* = x — = —- =
Y Y dx dc 2y
d
and x2=y=>—y=2x.
dx
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At (0, 0), the slope of the tangent to the curve y* = x is parallel to y-axis and the
tangent to the curve x? =y is parallel to x-axis.

T

= angle of intersection = 2

1
At (1, 1), slope of the tangent to the curve y, = x is equal to 5 and that of x>=y is 2.

-T T
Example 4 Prove that the function f (x) = tanx — 4x is strictly decreasing on [?,E J

Solution f(x) = tan x — 4x = f’(x) = sec’x — 4

-7 T
When ?<x<§, 1 <secx<?2

Therefore, 1 < sec’x <4 = -3 < (sec’x —4) <0

-7 T
Thus for ?<x<§ 7 (x) <0

-T T
Hence fis strictly decreasing on [?’EJ

. . . 4x° .
Example 5 Determine for which values of x, the function y = x* — 3 1s increasing

and for which values, it is decreasing.

40
Solution y=x*- % = 2 43 —4x*=4x> (x - 1)

dx
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dy
Now, —=0=x=0,x=1.
dx

Since /7 (x) < 0 Vye (=0, 0) U (0, 1) and f is continuous in (- o, 0] and [0, 1].
Therefore f is decreasing in (— oo, 1] and f is increasing in [1, oo).

Note: Here f is strictly decreasing in (— o, 0) U (0, 1) and is strictly increasing in
(1, e0).

Example 6 Show that the function f (x) = 4x> — 18x? + 27x — 7 has neither maxima
nor minima.

Solution f(x) =4x* - 18x* +27x -7
fr(x)=12x2=36x+27 =3 (4x* - 12x + 9) = 3 (2x — 3)?

3
ffx)=0=>x= P (critical point)

3 3
Since f’ (x) > 0 for all x < B and for all x > 5

Hencex = 5 is a point of inflexion i.e., neither a point of maxima nor a point of minima.

xX= is the only critical point, and f has neither maxima nor minima.

Example 7 Using differentials, find the approximate value of \/(.082

Solution Let f(x) = \/x
Using f (x + Ax)  f(x) + Ax. f’(x), taking x = .09 and Ax = — 0.008,
we get £(0.09 — 0.008) = £(0.09) + (= 0.008) f” (0.09)

0.008

1
= ./0.082 = /0.09 —0.008 . Lzmj =03 - 06

=0.3-0.0133 =0.2867.

20/04/2018



APPLICATION OF DERIVATIVES 123
P
Example 8 Find the condition for the curves P 1; xy = ¢* to intersect
a

orthogonally.

Solution Let the curves intersect at (x,, y,). Therefore,

£ a4y b
a b = a’> b*dx~ = dx azy
b’x,
= slope of tangent at the point of intersection (m )= 2y
1
dy _ =y ~h

dy
1 = 2 _+ = - — - —
Again xy = ¢* = de y=0= . = m, X

2
For orthoganality, m x m,=-1 = —5=1 ora’-b*=0.
a

Example 9 Find all the points of local maxima and local minima of the function

3 4 3 45 2
- - x" -8 ——x"+10
f () X X X 5.

Solution f’ (x) = =3x%— 24x* — 45x
=-3x+8&+15==3xx+5 x+3)
ff®)=0=>x=-5, x=-3,x=0
f7(x) = -9x* —48x — 45
=-3@x*+16x+15)

f 7(0) =—45 < 0. Therefore, x = 0 is point of local maxima

f7(=3) =18 > 0. Therefore, x = -3 is point of local minima

f7(=5) =-30 < 0. Therefore x = -5 is point of local maxima.
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1
Example 10 Show that the local maximum value of x +—is less than local minimum

X
value.
1 d 1
Solution Let y=x+—= s =1-—7,
x dx x
dy
E=0=>x2=1=>x=il.
d’y 2 d’y d’y
F=+ 7 , therefore ?(atx= 1)>0and W(atx:—l) <0.
X

Hence local maximum value of y is at x = —1 and the local maximum value = — 2.
Local minimum value of y is at x = 1 and local minimum value = 2.
Therefore, local maximum value (-2) is less than local minimum value 2.

Long Answer Type (L.A.)

Example 11 Water is dripping out at a steady rate of 1 cu cm/sec through a tiny hole
at the vertex of the conical vessel, whose axis is vertical. When the slant height of
water in the vessel is 4 cm, find the rate of decrease of slant height, where the vertical

T
angle of the conical vessel is rE

dv
Solution Given that E = 1 cm’/s, where v is the volume of water in the

conical vessel.

F the Fig.6.2, [ =4 h=1 T 31 dr=1Isi E—L
rom the Fig.6.2, [ =4cm, h= cos6 == and r = sm6—2.
1 1> J3 3
Therefore, v= —mr’h = E—i =—7tl3.
3 34 2 24
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ﬂ_\/gnlzﬂ /1

dt 8 dt
B, dl
Therefore, 1 = 16.— h
8 dt !

dl | /6

—= cm/s.

dt 2\/§7t
Fig. 6.2

1
Therefore, the rate of d f slant height = m/s.
erefore, the rate of decrease of slant heig 5 \/gﬂc s

Example 12 Find the equation of all the tangents to the curve y = cos (x + y),
—21 < x < 2m, that are parallel to the line x + 2y = 0.

: : dy . dy :
Solution Giventhaty=cos (x+y) = ——=—sin(x +y) I+— ..(1)
dx dx
dy sin(x+y)
or = — -7
dx 1+sin(x+y)
. . 1
Since tangent is parallel to x + 2y = 0, therefore slope of tangent = )
sin(x+y) 1
Therefore, — =—-——-=sinx+y =1 ... (11)

L+sin(x+y) 2

Since cos(x+y)=yandsin(x+y)=1=cos>(x+y)+sin’(x+y)=y>+1
= I=y*+1ory=0.

Therefore, cosx = 0.

T
Therefore, x=(2n + 1)5, n=0,+1,+2..
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T —3r . N,
, butx = PRE satisfy equation (ii)

T =37
Hence, the points are 5’0 , T’O .

Y1 1 L
Therefore, equation of tangent at [E’ OJ isy= ) [X—EJ or 2x + 4y — =0, and

_ =3t ) 1 3n
equation of tangent at T’O sy=-7 x+? or2x +4y + 3w =0.
Example 13 Find the angle of intersection of the curves y? = 4ax and x> = 4by.
Solution Given that y? = 4ax...(1) and x* = 4by... (ii). Solving (i) and (ii), we get

N
x
_ — 2
£4bJ—4ax = x*=64 ab’x
12

or x(P—64ab’)=0 = x=0, x=4a>b3
12 21
Therefore, the points of intersection are (0, 0) and [403 b3,4a% b3 ]

dy 4a 2a dy 2x «x

Again, yY =4ax = —=—=—and X’ =4by = —=—=—
gam, y dx 2y y Y dx 4b 2b

Therefore, at (0, 0) the tangent to the curve y* = 4ax is parallel to y-axis and tangent
to the curve x*= 4by is parallel to x-axis.

T

= Angle between curves = B

1
12 21 1
At [403 b3 ,4a3 b3 ], m, (slope of the tangent to the curve (i)) = 2 [% T

1
2a__lfayp lope of the t t to th i a’b’ ,(a¥
=213 , m, (slope of the tangent to the curve (ii)) = o p
4a3 b3
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HfaP _Lfap [
1) 2l 3a3 b
I+mm,| ~ 1 ! 22

142/ & lfa 2l a3+ b3
b)2\b

nm, —m
Therefore, tan 6 =

3a3.b3
Hence, 6 = tan™!
2[

22
a’+ b3

Example 14 Show that the equation of normal at any point on the curve
x=3cos 0 —cos’0, y = 3sinB — sin’0 is 4 (y cos’0 — x sin’0) = 3 sin 40.

Solution We have x = 3cos 0 — cos’0

Therefore, dx = -3sin 0 + 3c0s?0 sinb = — 3sinO (1 — cos?0) = —3sin°0 .

% = 3cos 6 — 3sin?0 cosO = 3cosO (1 — sin?0) = 3cos’0

dy cos’ 0
dx  sin’

sin’

. Therefore, slope of normal = +——
cos” 0

Hence the equation of normal is
. 3

sin
y — (3sin® — sin’0) = 3
cos” 0

[x — (BcosO — cos0)]

= y c0s’0 — 3sin0 cos’0 + sin’® cos’® = xsin*® — 3sin’0 cosO + sin’ cos’0

= y co0s’0 — xsin’0 = 3sin6O cosO (cos’0 — sin?0)
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3
= EsinZG . cos20

2 Sindo
2 Sin

or 4 (ycos® B — xsin® 0) = 3 sin46.

Example 15 Find the maximum and minimum values of
f(x) =secx + log cos’x, 0 < x < 2w

Solution f(x) = secx + 2 log cosx

Therefore, f”(x) = secx tanx — 2 tanx = tanx (secx —2)

f7 (x) =0 = tanx = 0 or secx = 2 or cosx = %
Therefore, possible values of x are x =0, or x =7 and
T S
x=3 or x==
Again, f7 (x) =sec’ (secx —2) + tanx (secx tanx)

= sec’x + secx tan®x — 2sec’x

= secx (sec2x + tan’x — 2secx). We note that

f70)=11+0-2)=-1<0. Therefore, x = 0 is a point of maxima.

f7 (m)=-1 (1 +0+2)=-3<0. Therefore, x = 7 is a point of maxima.

3

T T
f’ [—j =24 +3-4)=6>0. Therefore, x = 3 is a point of minima.

5w Sm
f 15 |=2@+3-4)=6>0. Therefore, x = 3 is a point of minima.

3

20/04/2018



APPLICATION OF DERIVATIVES 129

Maximum Value of y at x =0 is 1+0=1

Maximum Value of y at x =T is -1+0=-1
. T, 1

Minimum Value of y at x = 3 18 242 logE =2(1-1log2)
- ST 1

Minimum Value of y at x = EY 18 242 loga =2(1-1log2)

Example 16 Find the area of greatest rectangle that can be inscribed in an ellipse

x2 yz
—2+— =1

a’ b

Solution Let ABCD be the rectangle of maximum area with sides AB = 2x and

2 2
X

BC = 2y, where C (x, y) is a point on the ellipse —2+l);—2 =1 as shown in the Fig.6.3.
a

The area A of the rectangle is 4xy i.e. A = 4xy which gives A = 16x%y* = s (say)

2 2
X 160
Therefore, s = 16x> [1_?}172 = (a®x* — x%)

2
a (0, b)
D C
ds _16b> / y\
= EZ 2 [2ax — 4x°]. (—a, 0) (0,0 x /("’ 0
A ©. 5 "
Again £=0:> xzizmdy:i Fig. 6.3
" dx V2 V2 -
d*s 16b*
Now, E: az [2a2 - 12}62]
a d’s 16b> _ , . 16 >
X=——, ——= 2a°—6a"]= -4a”)<0
At NO [ ] a’ ( :
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a b
Thus at x= —=, y = —/=, s is maximum and hence the area A is maximum.
V2V T2

a b
Maximum area =4.x.y = 4. NN 2ab sq units.
Example 17 Find the difference between the greatest and least values of the

T T
function f(x) = sin2x —x, on | ~ E’ 5 .

Solution f(x) = sin2x — x
= f'x)=2cos2x—-1
-7 T T T

1
Therefore, f’(x) = 0 = cos2x = 5= 2x is —30r == —EOY r

T T
Clearly, B is the greatest value and —Eis the least.

Therefore, difference =

|

|
I
a
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Example 18 An isosceles triangle of vertical angle 26 is inscribed in a circle of radius

a. Show that the area of triangle is maximum when 0 = rE

Solution Let ABC be an isosceles triangle inscribed in the circle with radius a such
that AB = AC.

AD =AO + OD = a + a cos20 and BC = 2BD = 2a sin20 (see fig. 16.4)

1
Therefore, area of the triangle ABC i.e. A = EBC .AD

2a sin20 . (a + a co0s20)

N | =

= a’sin20 (1 + cos20)

1
= A =a’in26 + Eaz sin46

dA
Therefore, %= 2a*c0s20 + 2a’cos46

= 2a*(cos20 + cos40)
dA
%= 0 = c0s20 = —c0s40 = cos (T — 40)
T

Therefore, 20 =T — 40 = 06 = ‘
d*A 24? (—2sin20 — 4sind®) < 0 (at © n)

= - - < = —).
d92 a Sin S1N: a 6

T
Therefore, Area of triangle is maximum when 6 = rE

20/04/2018



132 MATHEMATICS

Objective Type Questions

Choose the correct answer from the given four options in each of the following Examples
19 to 23.

Example 19 The abscissa of the point on the curve 3y = 6x — 5x°, the normal at which
passes through origin is:

1 1
A1 B) 3 ©2 D) 5

Solution Let (x,, y,) be the point on the given curve 3y = 6x — 5x° at which the normal

d
passes through the origin. Then we have [d—yj =2- 5X12 . Again the equation of
X (Xl,yl)

- -3
the normal at (x, y,) passing through the origin gives 2—5)612 :i=6 Sl
N =X

Since x, = 1 satisfies the equation, therefore, Correct answer is (A).
Example 20 The two curves x* — 3xy* + 2 = 0 and 3x%y — y3 =2

(A) touch each other (B) cut at right angle

T T
(C) cut at an angle 3 (D) cut at an angle n

Solution From first equation of the curve, we have 3x* — 3y* — 6xy el =

dx
dy ¥y d second equation of th i
= = = t t
I 2xy (m,) say and second equation of the curve gives
xy + 3x I y e = e 2 _ yz = (mz) say

Since m, . m, =—1. Therefore, correct answer is (B).
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T
Example 21 The tangent to the curve given by x =e'. cost,y=¢'.sintatt = 7 makes

with x-axis an angle:

T T
A0 B) o © 3 ) =

. dx . y .
Solution E: — ' . sint + e'cost, —— = e'cost + e'sint

dt

RE = — and hence the correct answer is (D).
dx )=

dy) cost +sint 2
2 cost—sint ()

Therefore, [

Example 22 The equation of the normal to the curve y = sinx at (0, 0) is:
A)x=0 B)y=0 OC)x+y=0 D)x-y=0

-1

COS x l:o =-1. Hence the equation

d
Solution 2 cosx. Therefore, slope of normal = [

dx

of normalisy-0=-1(x-0)orx+y=0
Therefore, correct answer is (C).

Example 23 The point on the curve y* = x, where the tangent makes an angle of

T
Z with x-axis is

11 11
(A) [;;J (B) [Z,gj (©) 4,2) (D) (1, 1)
colution == _ ™1 1 1
Solution dx 2y—tan4— =>y—2=>x_4

Therefore, correct answer is B.

20/04/2018



134 MATHEMATICS

Fill in the blanks in each of the following Examples 24 to 29.

Example 24 The values of a for which y = x2 + ax + 25 touches the axis of x

d a
Solution D20 = 2x+a=0 ie. x=——,
dx 2
2
a a
Therefore, T+a[—§)+ 25=0 - a= +10

Hence, the values of a are + 10.

1

Example 25 If f() = 2 5 .

then its maximum value is

Solution For f to be maximum, 4x? + 2x + 1 should be minimum i.e.

B w

1 1
4 +2x+1 =4 (x+ Z)Z + [l—ngiVing the minimum value of 4x*+ 2x + 1 =

Hence maximum value of f= 5 .

Example 26 Let f have second deriative at ¢ such that f '(¢) = 0 and
f7(c)>0, then c is a point of

Solution Local minima.

-T T
Example 27 Minimum value of f if f(x) = sinx in [7,5} is .

Solution -1

Example 28 The maximum value of sinx + cosx is

Solution /7 .
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Example 29 The rate of change of volume of a sphere with respect to its surface
area, when the radius is 2 cm, is

Solution 1 cm?/cm?

4
V= g71;r3:>ﬂ:47'cr2’s= 47‘cr2:>§ = 87'Cr=>ﬂ=§= latr=2.

dr dr ds

6.3 EXERCISE

Short Answer (S.A.)

1.

A spherical ball of salt is dissolving in water in such a manner that the rate of
decrease of the volume at any instant is propotional to the surface. Prove that
the radius is decreasing at a constant rate.

If the area of a circle increases at a uniform rate, then prove that perimeter
varies inversely as the radius.

A kite is moving horizontally at a height of 151.5 meters. If the speed of kite is
10 m/s, how fast is the string being let out; when the kite is 250 m away from
the boy who is flying the kite? The height of boy is 1.5 m.

Two men A and B start with velocities v at the same time from the junction of
two roads inclined at 45° to each other. If they travel by different roads, find
the rate at which they are being seperated..

T
Find an angle 6, 0 < 0 < E, which increases twice as fast as its sine.

Find the approximate value of (1.999).
Find the approximate volume of metal in a hollow spherical shell whose internal
and external radii are 3 cm and 3.0005 cm, respectively.

2
A man, 2m tall, walks at the rate of 15 m/s towards a street light which is

1
55 m above the ground. At what rate is the tip of his shadow moving? At what
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10.

11.

12.
13.

14.

15.
16.

17.

18.

19.

20.

MATHEMATICS

1
rate is the length of the shadow changing when he is 3§m from the base of
the light?

A swimming pool is to be drained for cleaning. If L represents the number of
litres of water in the pool # seconds after the pool has been plugged off to drain
and L = 200 (10 — 5% How fast is the water running out at the end of 5
seconds? What is the average rate at which the water flows out during the
first 5 seconds?

The volume of a cube increases at a constant rate. Prove that the increase in
its surface area varies inversely as the length of the side.

x and y are the sides of two squares such that y = x — x*>. Find the rate of
change of the area of second square with respect to the area of first square.

Find the condition that the curves 2x = y* and 2xy = k intersect orthogonally.
Prove that the curves xy = 4 and x* + y> = 8 touch each other.

Find the co-ordinates of the point on the curve Jx + \/5 =4 at which tangent
is equally inclined to the axes.

Find the angle of intersection of the curves y = 4 — x? and y = x2.

Prove that the curves y? = 4x and x? + y* — 6x + 1 = 0 touch each other at the
point (1, 2).

Find the equation of the normal lines to the curve 3x*> — y*> = 8 which are
parallel to the line x + 3y = 4.

At what points on the curve x> + y> — 2x — 4y + 1 = 0, the tangents are parallel
to the y-axis?

—X

X -
Show that the line — + %: 1, touches the curve y =b . e ¢ at the point where
a

the curve intersects the axis of y.

Show that f (x) = 2x + cot'x + log (\/1+ X —x) is increasing in R.
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Show that fora > 1, f(x) = \/5 sinx — cosx — 2ax + b is decreasing in R.

T

Show that f (x) = tan™'(sinx + cosx) is an increasing function in 0, 4

At what point, the slope of the curve y = — x* + 3x* + 9x — 27 is maximum?
Also find the maximum slope.

3

Prove that f (x) = sinx + \/3 cosx has maximum value at x = — .

6

Long Answer (L.A.)

25.

26.

27.

28.

29.

30.

If the sum of the lengths of the hypotenuse and a side of a right angled triangle
is given, show that the area of the triangle is maximum when the angle between

them i z
emis = .
3

Find the points of local maxima, local minima and the points of inflection of the
function f (x) =x° — 5x* + 5x* — 1. Also find the corresponding local maximum
and local minimum values.

A telephone company in a town has 500 subscribers on its list and collects
fixed charges of Rs 300/- per subscriber per year. The company proposes to
increase the annual subscription and it is believed that for every increase of
Re 1/- one subscriber will discontinue the service. Find what increase will
bring maximum profit?

2 2
. . . x
If the straight line x cosa + y sino = p touches the curve — + Z—z =1, then
a
prove that a* cos’at + b* sin’oL = p°.
An open box with square base is to be made of a given quantity of card board

3
C

of area ¢2. Show that the maximum volume of the box is 6 \/3 cubic units.

Find the dimensions of the rectangle of perimeter 36 cm which will sweep out
a volume as large as possible, when revolved about one of its sides. Also find
the maximum volume.

20/04/2018



138

31.

32.

33.

34.
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If the sum of the surface areas of cube and a sphere is constant, what is the
ratio of an edge of the cube to the diameter of the sphere, when the sum of
their volumes is minimum?

AB is a diameter of a circle and C is any point on the circle. Show that the
area of A ABC is maximum, when it is isosceles.

A metal box with a square base and vertical sides is to contain 1024 cm®. The
material for the top and bottom costs Rs 5/cm?* and the material for the sides
costs Rs 2.50/cm? . Find the least cost of the box.

The sum of the surface areas of a rectangular parallelopiped with sides x, 2x
d
3

is minimum, if x is equal to three times the radius of the sphere. Also find the
minimum value of the sum of their volumes.

and = and a sphere is given to be constant. Prove that the sum of their volumes

Objective Type Questions

Choose the correct answer from the given four options in each of the following questions
35t039:

35.

36.

37.

The sides of an equilateral triangle are increasing at the rate of 2 cm/sec. The
rate at which the area increases, when side is 10 cm is:

10
(A) 10 cm¥s  (B) [3cm¥s (C) 104/3 cm¥s (D) 3 cm¥s

A ladder, 5 meter long, standing on a horizontal floor, leans against a vertical
wall. If the top of the ladder slides downwards at the rate of 10 cm/sec, then
the rate at which the angle between the floor and the ladder is decreasing
when lower end of ladder is 2 metres from the wall is:

1 1
(A) Eradian/sec (B) 2—0 radian/sec (C) 20 radian/sec
(D) 10 radian/sec

1

The curve y = x% has at 0, 0)
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(A) a vertical tangent (parallel to y-axis)
(B) a horizontal tangent (parallel to x-axis)
(C) an oblique tangent

(D) no tangent

The equation of normal to the curve 3x* — y* = 8 which is parallel to the line
x+3y=28is

(A)3x-y=8 B)3x+y+8=0
OC)x+3y+8=0 D)x+3y=0

If the curve ay + x> =7 and x* =y, cut orthogonally at (1, 1), then the value of
ais:

A1 B)0 () -6 (D) .6
If y = x* — 10 and if x changes from 2 to 1.99, what is the change in y
(A) 32 (B) .032 (C) 5.68 (D) 5.968

The equation of tangent to the curve y (1 + x?) = 2 — x, where it crosses x-axis
is:

A)x+5y=2 B)x-5y=2
OC)5x-y=2 D)Sx+y=2

The points at which the tangents to the curve y = x> — 12x + 18 are parallel to
X-axis are:

(A) (2,-2), (-2, -34) (B) (2, 34), (-2, 0)
(©) (0, 34), (-2, 0) D) (2,2), (-2, 34)

The tangent to the curve y = ¢** at the point (0, 1) meets x-axis at:

1
(A) (0, 1) (B) ‘5’0 ©) (2.0 (D) (0,2)

The slope of tangent to the curve x = * + 3t — 8, y = 2> — 2t — 5 at the point
2,-1)is:
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= B) 2 o =2 D)-6

() = ®) - (OF= (D) -

45. The two curves x* — 3xy*+ 2 = 0 and 3x?y — y* — 2 = 0 intersect at an angle of
A z B z C z D z
) B) 3 © 3 D)

46. The interval on which the function f (x) = 2x* + 9x* + 12x — 1 is decreasing is:
(A)[-1, )  (B)[-2,-1] ©) (-, 2] D) [-1, 1]

47. Let the f: R — R be defined by f (x) = 2x + cosx, then f:

(A) has a minimum at x = T (B) has a maximum, at x =0

(C) is a decreasing function (D) is an increasing function
48. y = x (x — 3)*decreases for the values of x given by :

(A)l<x<3 B)x<0 C)x>0 (D)O<x<%

49. The function f (x) = 4 sin’x — 6 sin%x + 12 sinx + 100 is strictly

3n b
(A) increasing in [“’ 7) (B) decreasing in [5’ “j
- V3
(C) decreasing in  — > (D) decreasing in 0, —
2 2 2
V3
50. Which of the following functions is decreasing on 0 5
(A) sin2x (B) tanx (C) cosx (D) cos 3x
51. The function f (x) = tanx — x
(A) always increases (B) always decreases
(C) never increases (D) sometimes increases and sometimes

decreases.
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If x is real, the minimum value of x> — 8x + 17 is

(A) -1 B0 O1 D) 2

The smallest value of the polynomial x* — 18x* + 96x in [0, 9] is
(A) 126 (B)0O ©) 135 (D) 160

The function f (x) = 2x* — 3x* — 12x + 4, has

(A) two points of local maximum (B) two points of local minimum

(C) one maxima and one minima (D) no maxima or minima

The maximum value of sin x. cos x is
1 1
(A) 5 (B) 5 © 2 (D) 242

Sz
Atx = ?,f(x) =2 sin3x + 3 cos3x is:

(A) maximum (B) minimum

(C) zero (D) neither maximum nor minimum.
Maximum slope of the curve y = —x* + 3x* + 9x — 27 is:

(A)O B) 12 (©) 16 (D) 32

f (x) = x*has a stationary point at

(A)x=e (B)x=£ ©O)x=1 (D)x=\/z

X

The maximum value of — is:
X

Q=

(A) (B) & ©) , (D)

Q| =

20/04/2018



142 MATHEMATICS

Fill in the blanks in each of the following Exercises 60 to 64:

60. The curves y = 4x* + 2x — 8 and y = x* — x + 13 touch each other at the

point
61. The equation of normal to the curve y = tanx at (0, 0) is
62. The values of a for which the function f (x) = sinx — ax + b increases on R are
. 2x° -1 . .
63. The function f (x) = -, x>0, decreases in the interval
X

b
64. The least value of the function f(x) = ax + ; (a>0,b>0,x>0)1is

s O L ——
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Chapter 7

INTEGRALS

7.1 Overview

d
7.1.1 Let d_ F (x) =f(x). Then, we write J-f (x)dx =F (x) + C. These integrals are
X

called indefinite integrals or general integrals, C is called a constant of integration. All
these integrals differ by a constant.

7.1.2 If two functions differ by a constant, they have the same derivative.

7.1.3  Geometrically, the statement J- f(x)dx=F (x) + C = y (say) represents a

family of curves. The different values of C correspond to different members of this
family and these members can be obtained by shifting any one of the curves parallel to
itself. Further, the tangents to the curves at the points of intersection of a line x =a with
the curves are parallel.

7.1.4 Some properties of indefinite integrals

@) The process of differentiation and integration are inverse of each other,

d
i.e.,ajf(x)dx=f(x) and _[f'(x)dx=f(x)+c, where C is any
arbitrary constant.

(i) Two indefinite integrals with the same derivative lead to the same family of
curves and so they are equivalent. So if fand g are two functions such that

%J-f(x)dx = % Ig(x) dx , then _[f (x)dx and Ig (x)dx are equivalent.

(iit) The integral of the sum of two functions equals the sum of the integrals of

the functions i.e.. [(f(x)+g(0)) dv= [ f(x)dx + [g(x)dx.
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(@iv) A constant factor may be written either before or after the integral sign, i.e.,

jaf(x) dx = ajf(x) dx , where ‘a’ is a constant.

) Properties (iii) and (iv) can be generalised to a finite number of functions
f» [5» - f, and the real numbers, k, k,, ..., k giving

[ (i, G Hky £, () + otk £, (1)) dx =k, [ f ()t K, [ £, () 4k, [ £, () dx

7.1.5 Methods of integration

There are some methods or techniques for finding the integral where we can not
directly select the antiderivative of function f by reducing them into standard forms.
Some of these methods are based on

1. Integration by substitution
2. Integration using partial fractions
3. Integration by parts.

7.1.6 Definite integral

b
The definite integral is denoted by If (x)dx | where a is the lower limit of the integral

and b is the upper limit of the integral. The definite integral is evaluated in the following
two ways:
1) The definite integral as the limit of the sum
b
(i) _[ f (x)dx=F() — F(a), if F is an antiderivative of f (x).

7.1.7 The definite integral as the limit of the sum

b
The definite integral _[ f (x)dx is the area bounded by the curve y = f (x), the ordi-

nates x = a, x = b and the x-axis and given by

ff (x)dx = (p - q) m%[f(a) +fla+h)+..f(a+(n-1Dh)]
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7.1.8

(if)

(ii)

7.1.9
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[ £ Codr= imh[ £@ +f (@) +..t fa+(n-1)h)] |

where h = b-a

—0as n—oo .
n

Fundamental Theorem of Calculus

Area function : The function A (x) denotes the area function and is given
by A (x) = ff(x)dX,

First Fundamental Theorem of integral Calculus

Let f'be a continuous function on the closed interval [a, b] and let A (x) be
the area function . Then A" (x) = f (x) for all x € [a, b] .

Second Fundamental Theorem of Integral Calculus

Let f be continuous function defined on the closed interval [a, b] and F be
an antiderivative of f.

b
[ Gdx = [R(0)] = Fb) - Fa.
Some properties of Definite Integrals

P, : Tf(x)dxz Tf(t)dt
P : f f (x>dX=—Tf (x)dx | in particular, Tf(x)dx=o

P, : Tf(x)dx= jf(x)dx +Tf(x)dx
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b 7Gx = [ Flasbonds

p o [ = [flamx)ds

b [ rodx = [ £+ [£a-nas

P : ff(x)dx ij(x)dx,if fQRa—x)=f(x),

0,if f (2a—x)=—f (x).

P () If(X)dx = 2Tf(x)dx , if f is an even function i.e., f (~x) = f (x)

Gi) | £()dx =0, if fis an odd function i.e., f (—x) =~ (x)

7.2  Solved Examples

Short Answer (S.A.)

2a b
Example 1 Integrate [ﬁ 7 +3C%/XTJ W.I.t. X

2a b
Solution _I.[ﬁ T 302 )dx

X

= _[2a(x)_71 dx— _[bx'2 dx+_[3c xédx

5

3
—dax+ 22 L
X 5
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Example 2 Evaluate  ——— dx
xample valuate B2 + a2

Solution Let v = b* + %%, then dv = 2¢? xdx

3ax 3a dv
——dx - — Z°
Therefore, _[ Bl T2

3
= %log‘b2 + czxz‘ +C,
Example 3 Verify the following using the concept of integration as an antiderivative.

3 2 3
xdx _ —x—+%—log|x+l|+C

x+1 2

d X
Solution — *——+—-— 10g|x+1| +C
dx 3

2x  3x7 1
=]1-—+—-
2 3 x+1
1 x

=l-x+x*- = .
x+1 x+1

dx

¥ X X
Thus [x—7+?—log|x+1|+C]—J-x+l

1+x
1 dx’ x#1.
—-X

Example 4 Evaluate

1 xdx

. I+x e -
Solution Let [ = [ |— % gy = dx + = sin™ :
olution Let T j l—xdx J-m m sin” x + 1,
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xdx

where [ = > -
—-X

Put 1 — x? = = —2x dx = 2t dt. Therefore
[ =-dt =-1+C=_{1-x*+C

Hence I=sin'x _\1-x*+C.

B>a

dx
Example 5 Evaluate .I. (x—a)(B-x) ’

Solution Put x — ot =~ Then S — x =ﬁ—(t2+05)= f-t'—a=-t-a+pf

and dx = 2tdt. Now

I=j 2tdt _ 2dt
\/tz(,B—a’—tz) \/(B—a—tz)

=2 L h kz ﬁ
\/m, where k= - o

- 2sin'1é+C=2sin'1 ;_§+C_

Example 6 Evaluate Itan8 xsect xdx
Solution I = jtans xsect xdx
= Jtan8 x(sec2 x) sec? xdx

= Jtan8 x(tan2 X+ 1) sec? xdx
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10 2 8 2
= jtan X sec xdx+jtan x sec” xdx

tan'! X tan9x
= + +C.
11 9

Example 7 Find J.ﬁ
X

Solution Put x*> = ¢. Then 2x dx = dt.

N . I Kdx 1 I tdt
ow = ==
A +3x7 42 28 +3t+2
_ t A B
Consider = +

4342 t+1 142

Comparing coefficient, we get A=—-1, B =2.

Then 1= [ m— m}

%[210g|t+2|—10g|t+1|:|

x2+2

x2+1

log +C

dx

-2 2
2sin“x +5cos” x

Example 8 Find _[

Solution Dividing numerator and denominator by cos’x, we have

sec? xdx
2tan’x + 5
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Put tanx = ¢ so that sec*x dx = dt. Then

| dt _1¢
I=J2245 2 [SJZ
2
£+ L=
2

= an
245

1\/5 -1 \/Et
= t (ﬁ]+c

= L V2tanx +C.
Jio J5

2

Example 9 Evaluate (7x - S)dx as a limit of sums.
-1

2+1
Solution Herea= -1,b=2,and h= ——, i.e,nh=3 and f(x) = 7x - 5.
n

Now, we have
[(7x=5)dx =limh[ £ (=1)+ f(-1+h) + (=1 +2h) +..+ f (=1+(n~1)h)]

Note that
f(-1)=-7T-5=-12
f-1+h)=-T+7Th-5=-12+"77h

fEL+m-DR)=T@m-1)h-12.
Therefore,
j(7x_5)dx = Lingh[(—u) +(Th = 12) +(14h -12) +..+(7(n-1)h-12)].

= imA[ T[T +2+..+(n-1)]-12n]
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3

79

\S)

tan7 X

Example 10 Evaluate dx

S —v | a

cot7 X+ tan7x

Solution We have

r
2

tan X
J. dx
0

Cot X+ tan X

tan7 E—X
2 dx
cot’ (;—xj+ tan’ [g—xj

j- cot’
Ocot xdx+tan X

1l
S — | a

Adding (1) and (2), we get

2
tan’ x + cot’ x
=_[ dx
0

tan’ x + cot’ x

o'—.m\:\

T
dx which gives I=— 1

h—0

i (n—l)n
— limh 7hT—.12n — lim

=—(3)(3-0)-12x3 = 7—36——
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[2(nh)(nh—h) —12nh}

..(1)

by (P,

..(2)
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2 10 —x
. ; —————=dx
Example 11 Find _[ \/;+ \/E

Solution We have

10 -x
= |=—F7—=d
S N -

8 J10 = (10-x) 0
= V10— x+10 -(10—x) by (B

. I= Tde 2)
210 —x ++/x

Adding (1) and (2), we get

8
2]= 1dx=8-2=6

2

Hence 1=3

T

4
Example 12 Find J. 14sin2x dx
0

Solution We have

J1+sin2xdx =

(sinx+ cosx)” dx

(S

1
S A
S i |a

(sinx+ cos x)dx

1l
S —h |a
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T
= (—cosx+sinx)!

I=1.

Example 13 Find x’tan'x dx.

Solution I= x*tan"'x dx

Example 14 Find [{/10 - 4x+ 4% dx

Solution We have

I= 10-4x+4x>dx = J(2x—1Y +(3) dx

Put r = 2x — 1, then dt = 2dx.

1 N 2
Therefore, = EJ t +(3) dt

1 NP+
=5t tz 9+%log‘t+\/t2+9‘+c

INTEGRALS 153

= L) 21y 59 + 2 ogl(2e-1) + J2r—) 09 4 €.
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Long Answer (L.A.)

Frarmmle 15 Eval jﬂ
xample Evaluate [N
Solution Let x?> = ¢. Then
x* t t A B
.2 5 2 = = T
X +x =2 t°+t-2 (@+2)@-1) t+2 -1

So t=A(-1)+B((+2)

2
Comparing coefficients, we get A= 3 B=

[SSRE

2 1 Jr1 1
3242 3 x* -1

Therefore,

I—4 xzz dx:%_l- ! dx+l_|- dx

X +x°=-2 37242 371241

1 1 X 1

—tan — +—1lo
NN

g x—1
=3

+C

x+1

+
Examplel6 Evaluate T

Solution We have

3
x+x 3

I= Sgdv = ——dx+ =L+1,.
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3
X
Now L= -[x4—9
Put t = x*—9 so that 4x® dx = dt. Therefore
d 1 1 4
= — =logll+C = Zlog‘x -9+¢,
) L = xdx
Again, 2 X _9-
Put x? = u so that 2x dx = du. Then
1 du 1 u-3
== —5 = lo +C
L2 Mz—(3)2 2x6 gLt+3 ?
1 x*-3
=—1Ilo +C
P T
Thus 1= I1 + I2
x =3
= —log‘x —9‘ + —log +C
X +3 )

.
Example 17 Show that jsm—x=%log ~2+1)
Sin x + CoS x

Solution We have

z
j‘ Sll’l X
0

sin x + COSX
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Thus, we get

Hence

Example 18

|
S =N

(by P4)

FR
R S
» Sinx +cosx
1 P dx
2= —
5]

O = N B |
1ogsec[__)+tan[_§ﬂ

1
2

S t—1a

1 [ T
= —=| log| sec— +ta =
2 4

- oea ) toeVE )] =l
T [([+1)] =%log(\/§+l)

I= %k’g(ﬁﬂ).

1

Find _[?C(tan‘1 x) dx

0
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L
2
Solution I= _lix(tan'1 x) dx
0
Integrating by parts, we have

2 1| tan~' x
_* ST = [x22 d
I= ) [(tan x) :|0_ 2 lx 1+ x2 *

2 L 2
T

— 2.t.aln'lxdx
32 ol+x

2 2
T X -1
_ n
-1 ,where I = jl 7 ta xdx

32 o l+x
jﬂ .
Now I = J 1+ tan~'x dx
1 1 1
— jtan'lxdx—j 5 tan™" xdx
0 o 1 +x
1 .\ e
= Iz— 5((tan'1 x) )0 = Iz - 5
1 . 1 X
1 -1 _
Here L= ltan xdx = (xtan™' x), £1+x2 dx
n 1 S\ n 1
= Z—E(log‘l+x ‘)0 = Z—ElogZ
1 2
Thus I = E——10g2—n—
! 4 2 32
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Theref. ML SR SV S S SR S
erefore, - 1= Ty T 2% T T 428
I - n+logx/§,

2
Example 19 Evaluate If(x) dx | where f (x) = Ix + 11 + Ixl + Ix — 1I.

.}
2—x, if —-1<x<0

Solution We can redefine f as f(x)=<x+2, if O0<x<l1
3x, if 1<x<2

2 0 1 2
Therefore, _[f(x)dx = I(Z—x)dx+I(x+2)dx+I3de (by P)
-1 -1 0 1

-0- —2—l + l+2 +3 4.1 =§+§+2=Q_
2 2 2 2 2 2 2 2

Objective Type Questions

Choose the correct answer from the given four options in each of the Examples from
20 to 30.

Example 20 J-ex (cosx—sinx)dxis equal to
(A) e*cosx+C (B) e*sinx +C

(C) —e*cosx+C (D) —e*sinx +C

20/04/2018



INTEGRALS 159

Solution (A) is the correct answer since _[ex [f (x)+f '(x):l dx=¢" f(x)+C .Here

f(x) =cosx, f/(x) =—sin x.

E le 21 i It

xample jsinz oo x is equal to
(A) tanx + cotx + C (B) (tanx + cotx)> + C
(C) tanx — cotx + C (D) (tanx — cotx)? + C

Solution (C) is the correct answer, since

: 2 2 d
Izj dx J-(sm x+cos’ x)dx

) B R
sin’® xcos® x sin” xcos® x

= jsecz xdx + jcoseczxdx = tanx — cotx + C

3e" -5
Example 22 If IW dX= gx + b log l4e* + 5¢1 + C, then

-1 7 1 7

:—’ b:— :—’ b:—

(A) a g 3 (B) a s s
-1 _ 1 _
:—’ b:— :—’ b:—

©€) a " 2 (D) a 2 3

Solution (C) is the correct answer, since differentiating both sides, we have

3e" —5e —a+h (46 -Se )
4e" +5¢ 4e* +5¢7"

giving 3e* — 5¢* = a (4e* + 5¢™) + b (4e* — Se™). Comparing coefficients on both

-1 7
sides, we get 3 = 4a + 4b and -5 = 5a — 5b. This verifies a =§, b= 3

20/04/2018



160 MATHEMATICS

b+c

Example 23 I f(x)dx isequal to

a+c

(A) _[f(x—c)dx (B) _[f(x+ c)dx
(@) If(x)dx (D) If(x)dx

Solution (B) is the correct answer, since by putting x =t + ¢, we get

I= _}Ilf(c+t)dt= _lllf(x+c)dx‘

Example 24 If f and g are continuous functions in [0, 1] satisfying f (x) = f (a — x)

and g (x) + g (a —x) = a, then _[f(x)~g (x)dx g equal to
0

(A) % (B) %lf(x)dx
©) [f(ax D) af £ ()

Solution B is the correct answer. Since I = If (x)-g (x)dx
0

[£la=2) 8(a-x)dx = [ f(x)(a—g(x))dx

ajf(ﬂdx —_Tf(x)~g(x)dx = ajf(ﬂdx -1
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or I = %El).f(x) dx_

dzy
dx*

Example 25 Ifx = _[ \/1 o and = ay, then a is equal to
+

(A)3 B)o6 <9 D)1

dt dx 1

Solution (C) is the correct answer, since x = T
© [Fio= s " ivoy?

d’y _ 18y dy

which gives 2 /1+9yz e

=9y.

Example 26 J-% dx is equal to
X+ 2 x|+
1
(A)log 2 (B)21log?2 (&) 510g2 (D) 41og2
o _ . j X +|x] +1
Solution (B) is the correct answer, since I = _1—x2 YN
j I | +1 j |x|+1
_1x2+2|x|+1 x2+2|x|+1 B o (Iaf+1
[odd function + even function]
0 ox+l (1
_n |——=dx=2|——dx _ o
=2 l (x+1)’ o X +1 = 2[log|x+1ll, =2 log 2.
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1

1 t
Example 27 If £ ar = a, then I
1+t L (1+1)

dt is equal to

e e e e
(A)a—1+5 (B)a+1—5 (C)a—l—E (D)a+l+§

t

e
Solution (B) is the correct answer, since I = Im dt
0

t

l (10 = (eiven)

1+t 0

t

1
Therefore, |7 =2z =a—-—+1.
erefore l(l+t)2 a

2
Example 28 _“xcos 1tx| dx is equal to
-2

(A) s B) n © 2 D) L
T T T T
Solution (A) is the correct answer, since [ = I|x cosmxldx = 2 I|x cos x| dx
-2 0

L 3

2 2 2
8
=2 I|xcos1tx|dx +I|xcos7tx| dx +_[|xcos7tx| dxy = —.
0 1 3 T

2 2

Fill in the blanks in each of the Examples 29 to 32.

dx:

sin’ x
Example 29 J. 3
cos” x
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Solution ar; i
Example 30 I F(x)dx =0 if fis an function.

Solution Odd.

Example 31 If(x) dx = 2_[f(x) dx if f (2a —x) = .

Solution f (x).

Example 32 sin” xdx

O o [ 3

sin” x+cos” x

Solution —
0u10n4.

7.3 EXERCISE

Short Answer (S.A.)

Verify the following :
2x-1
1. dx =x—1log (2x + 3’1+ C
J-2x+3 el )
2x+3
2. dx =log Ix*> + 3xl + C
J-x2 +3x &
Evaluate the following:
> 6log x
x°+2)dx e -
3. J-u 4- 4log x
x+1 € -
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Slog x
e 2

dx

3log x
e 2
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10.

12.

14.

16.

18.

20.

22.

MATHEMATICS

J‘(1+cosx)
x+sinx

2 4
J-tan xsec” xdx

J-\ll + sin xdx

X
j\/;de (Hint : Put /5 =2z)

1

x2
f T dx (Hint : Put x = z%)
1+ x*

J' dx
\16-9x°

J-3xl

NEFT

jxdx

xt -1

j\/ 2ax — x” dx

J-(cos5x +cos4x)
1-2cos3x

15.

17.

19.

21.

23.

dx
-|.1+cosx

J‘Sll’lx-l‘COS)C

/1 +sin2x

J‘ at+x

a—x

dx

jm

4
X

J- dt
3t =21
I\IS —2x+x"dx

2

_[1 al Tdx putx® =1
-X

-
sin”' x
LBEIN
(1-x2)2
sin® x 4+cos® x
J. ) ;- dx
sin® x cos” x

20/04/2018



[
24. ﬁx 25.

dx
—— 1 . 2 —
26. Ix 1 (Hint : Put x* = sec )

Evaluate the following as limit of sums:

2

27, [ +3)dx 28.
0

Evaluate the following:

dx

29. _[ T 30.
, e +e
-2[ dx

31. 32.
1 (x—l)(2—x)

33. Ixsinxcos2 xdx
0

Long Answer (L.A.)

xdx

35. J.m 36.

1+sinx

37. f - 38.
0
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COS X —COS2x
[eosxcos2e

1-cosx

e"dx

O —

tan xdx

ot—pla

1+m” tan® x

xdx

oY S

1+x*

34.

O 0 [ —

dx
(1+x%)4/1-x°

(Hint: let x = sinB)

xdx
(*+a*) (x> +b%)

2x-1
j dx
(x=D(x+2)(x=3)

20/04/2018



166 MATHEMATICS

- 1+)C+)C2
39. e | ———— |dx 40. in~! / X
j [ 1+x* J jsm a+xdx

(Hint: Put x = a tan’0)

«/l+cosx
5 42. je_3x cos® x dx
(1—cos x)2

41.

WA A

43. J-\/tanx dx (Hint: Put tanx = )

T

2
44.

'(I).(a2 cos x+b2 sin x)
(Hint: Divide Numerator and Denominator by cos*x)
1 b

45, [xlog(+2x)dx 46, |xlogsinxdx

0 0

log (sin x+cos x)dx

— [

47.

~la

Objective Type Questions

Choose the correct option from given four options in each of the Exercises from 48 to 63.

48. jwdx is equal to

cosx —cos0
(A) 2(sinx + xcos0) + C (B) 2(sinx — xcosB) + C
(C) 2(sinx + 2xcos0) + C (D) 2(sinx — 2x cos0) + C
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49.

50.

51.

52.

dx

sin(x —a)sin(x—b)

(A) sin (b —a) log

sin(x — a)

(C) cosec (b —a) log

J-taln'1 Vxdxis equal to

(A) (x+ 1) tan"Vx —Jx+C

(C) Jx—xtanJx +C

J‘X 1-x Y, .
e — | dx 1s equal to

1+x

X

e
1+x

(A) +C

2

X

e
© ey

J

+C

9

m dx is equal to
X

1 1y
—|4+—=1] +C
(A) Sx[ xzj

1 5
©) @(1+4)‘ +C

is equal to

sin(x—b)

sin(x —b)
sin(x — a)
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sin(x —a)
(B) cosec (b —a) log —sin(x D)
(D) sin (b—a) 1 sin(x —a) L C
sin (b — a) log —sin(x—b)

(B) xtan"'vVx —J/x+C

(D) Vx - (x+Dtan'+/x +C
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53.

54.

55.

MATHEMATICS

IfJ. dx

(x+2)(x2+1)_
Age = po =2
Aya=15.b="7
Crac =L po 2
©a=152=73

X
j is equal to
x+1

2 3
(A) x+%+%—log|1_x|+ C

(©) x—%—%—log|1+x|+c

dx 1s equal to

jx+sinx
1+ cosx

(A) log|i+cosx]+C

© x—tan% +C

1
alog Il + x|l + b tan"'x + 5 log Ix + 2| + C, then

-
B)a=150="53

Dyae L o2
(Dya=15:0=73

2 3

(B) x+%—%—log|1_x|+c

x2 x3
(D) x—7+?—10g|1+x|+c

(B) log|x+sinx]+C

(D) x.tan% +C

3 3
2 1+ x?) 2+ b1 + C, then
Vi+x*
Aa=~. b=l Bla=—, b=1
(A)a= 3 = B)a= 3 =
Cra= 2. b=_1 Dya= b=-1
(C)a= 3 =— ()a—3, =-
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57. is equal to

—nla

1+ cos2x

N

A1 B)2 ©)3

b
58. J.\/l —sin 2xdx is equal to
0

(A) 22 B)2 (V2+1) ©)2

O — | A

59. cosxe™ dx is equal to
‘0 J' x+3 o
ST

Fill in the blanks in each of the following Exercise 60 to 63.

a 1 .
61. If £1+4x2dx = g,thena=

sin x
————dx _
62. J-3+4coszx I —
g
63. The value of _[ sin’x cos’x dx is
-
e O L —
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(D) 4

(D) 2(v2-1)
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Chapter

(APPLICATION OF INTEGRALS)

8.1 Overview

This chapter deals with a specific application of integrals to find the area under simple
curves, area between lines and arcs of circles, parabolas and ellipses, and finding the
area bounded by the above said curves.
8.1.1 The area of the region bounded by the curve y = f (x), x-axis and the lines
x=aand x=>b (b > a) is given by the formula:

b b

Area= Ydx= [f(x)dx

8.1.2 The area of the region bounded by the curve x = ¢ (y), y-axis and the lines
y=c,y=dis given by the formula:

d d

Area — Xdy= @(y)dy

8.1.3 The area of the region enclosed between two curves y = f (x), y = g (x) and the
lines x = a, x = b is given by the formula.

b

Area= |f(®)-gx)]dx, where f (x) > g (x) in [a, b]

8.141f f(x) > g(x)in [a, c]and f(x) < g (x) in [c, b], a < c < b, then
c b
Area= [f(0)-g@]dx+ (g(x) - f(x))dx 3{
8.2 Solved Examples
Short Answer (S.A.) A
Example 1 Find the area of the curve
y = sin x between 0 and 7.
Solution We have

Area OAB = Jydxzfsinxdx = |—cosx|g O % T
) ) Fig. 8.1

= cos0 — cosT = 2 sq units.
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Example 2 Find the area of the region bounded by the curve ay® = x*, the y-axis and

the lines y = a and y = 2a.
Solution We have

2a

Area BMNC =

2 12
xdy= a’y3dy

a a

a

2

_Za*22% 1

sq units.

Example 3 Find the area of the region
bounded by the parabola y*> = 2x and the
straight line x —y = 4.

Solution The intersecting points of the given
curves are obtained by solving the equations
x—y=4and y* = 2x for x and y.

We have y*=8+2yie,(y-4)(y+2)=0

which gives y =4, -2 and

x=28, 2.

Thus, the points of intersection are (8,

4), (2, -2). Hence

4
1
Area = J(4 +y—5y2 ]dy
-2

) 4

Y

4y + }
y 2 6)"

= 18 sq units.
2
Example 4 Find the area of the region
bounded by the parabolas y*> = 6x and
x2 = 6y.

2a

B/ (8,4)

o

/!

A2 >

Fig. 8.3

Fig. 8.4
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Solution The intersecting points of the given parabolas are obtained by solving these
equations for x and y, which are 0(0, 0) and (6, 6). Hence
3 6

6 2 xi X’
Area OABC = \/a—% dx — 2\/€?_§
0

0

3
_ /e (0 _ :
=2./6 - = 12 sq units.
3 18

Example 5 Find the area enclosed by the curve x = 3 cost, y = 2 sint.
Solution Eliminating ¢ as follows:

. x
x=3cost, y=2sint = §=COSt,

. 0,2
%:smt , we obtain ©.28
(_39 0)
2 2 o X
x_+y_ =1 X A
9 4 (3,0
which is the equation of an ellipse. (0,-2)
From Fig. 8.5, we get Y’
; Fig. 8.5
the required area = 4 3 9—x gy
0
8 x 9 x
== =\9-x"+=sin”'= _ i
3 2 > 3, 6 T sq units.

Long Answer (L.A.)
2
Example 6 Find the area of the region included between the parabola y = % and the

line 3x -2y + 12 =0.
2
Solution Solving the equations of the given curves y = % and 3x -2y + 12 =0,

we get
3x-6x-24=0 = x-4)x+2)=0
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= x =4, x=-2 which give

y=12, y=3

From Fig.8.6, the required area = area
of ABC

4 44 2
_ 12+3x dr 3idx .
L2 L 4 :
3x2 ’ 3x3 ! T T Y T T El
:[69”' T] ~172 | =27 squnits. o |B
N ) Z> 3x-2p+12=0

Example 7 Find the area of the
region bounded by the curves x = ar®
and y = 2at between the ordinate
coresponding to =1 and t = 2.
Solution Given that x = af® ...(3),

Fig. 8.6

y=2at ..Gi)= 1 = z—yapuning the

value of ¢ in (i), we get y* = 4ax
Putting =1 and # = 2 in (i), we get
x=a,and x =4a

Required area = 2 area of ABCD =

2Tydx:2x2Tx/de

34a

(| 56 :
= 8a 3 = ?az sq units. Fig. 8.7

a

Example 8 Find the area of the region above the x-axis, included between the parabola
y?= ax and the circle x* + y> = 2ax.

Solution Solving the given equations of curves, we have
x> + ax = 2ax

orx =0, x=a, which give
y=0. y==ta
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From Fig. 8.8
area ODAB =

I(JZax—xz - \/E)dx

Let x = 2a sin?0. Then dx = 4a ,
sin@ cosB 6 and X

x=0,=20=0, x=a=6=

#Ia

a

Again, f« [2ax—x"dx

0

= | (2asin®cos0) (4asinOcos0)dO

o'ﬁsm

H N
= @[ (1-cos46)d0 = a (9—5“1449]: =
0

Further more,

=a

Y
B
a+
O C
a X
—a-
Y!
Fig. 8.8
z e
1 a-.
2
= —az
3
z_2 .
4 3 Sq units.

Example 9 Find the area of a minor segment of the circle x> + y*> = a” cut off by the

a o) 3 4
f axdx — JZ— x?
0 3 0
. T, 2,
Thus the required area = Za - §a
linex =~
inex= .

Solution Solving the equation x* + y* = @*> and x = =,

a a
intersection which are E’ \/5 5 and

a

5 e obtain their points of

Vi

2
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Hence, from Fig. 8.9, we get

a

. Ja* —x*dx
Required Area = 2 Area of OAB =2

P Y
- ﬁ\/az—x2 +—sin™' =
2 a |a g’
2 y
oK
a n a 3 an
=212 42 2%
X! A B X
2 o| anEH*
= Z(6m-3V3-2n)
2 —
a .
= E(4n—3\/§)sq units.
Yl
Objective Type Questions Fig. 8.9

Choose the correct answer from the given four options in each of the Examples 10 to 12.

Example 10 The area enclosed by the circle x> + y*= 2 is equal to

(A) 47 sq units (B) 2+/27 sq units
(C) 412 sq units (D) 27 sq units

V2
Solution Correct answer is (D); since Area= 4 V22— x*

0

V2

X X
= — 42— x2 + sinfl —— = 1
> 2 NG ) 2T sq. units.

2 2
X

Example 11 The area enclosed by the ellipse —2+]);—2 =11is equal to
a

(A) m’ab (B) mab (C) ma*b (D) mab*

a
b > 2
Solution Correct answer is (B); since Area = 4 _l.; a” —x"dx
0
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a

4b| x 2 2 a2 X
- —|=Wa —x"+—sin" = | — b
2 a

al?2 o
Example 12 The area of the region bounded by the curve y = x> and the line y = 16

32 256 64 128
(A) 3 (B) KN ©) EY (D) 3

16
Solution Correct answer is (B); since Area =2 J\/; dy
0

Fill in the blanks in each of the Examples 13 and 14.

Example 13 The area of the region bounded by the curve x = y?, y-axis and the line
y=3andy=4is .

37 .
Solution 3 S units

Example 14 The area of the region bounded by the curve y = x? + x, x-axis and the
line x =2 and x =5 is equal to

Solution o . units

8.3 EXERCISES
Short Answer (S.A.)
Find the area of the region bounded by the curves y*> = 9x, y = 3x.

Find the area of the region bounded by the parabola y*> = 2px, x> = 2py.

Find the area of the region bounded by the curve y = x* and y = x + 6 and x = 0.
Find the area of the region bounded by the curve y* = 4x, x*> = 4y.

Find the area of the region included between y* = 9x and y = x

Find the area of the region enclosed by the parabola x> = y and the line y = x + 2
Find the area of region bounded by the line x = 2 and the parabola y* = 8x

e AU

Sketch the region {(x, 0) : y = \/4 _ x*> } and x-axis. Find the area of the region
using integration.
9. Calcualte the area under the curve y = 2/x included between the lines x = 0

and x = 1.
10. Using integration, find the area of the region bounded by the line 2y = 5x + 7, x-
axis and the lines x =2 and x = 8.
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11. Draw a rough sketch of the curve y = \/x —1 in the interval [1, 5]. Find the
area under the curve and between the lines x = 1 and x = 5.

12. Determine the area under the curve y = \/q? — x* included between the lines x
=0andx=a.

13. Find the area of the region bounded by y = \/y and y = x.

14. Find the area enclosed by the curve y = —x?and the straight lilne x + y + 2 = 0.

15. Find the area bounded by the curve y = \/x , x = 2y + 3 in the first quadrant
and x-axis.

Long Answer (L.A.)

16. Find the area of the region bounded by the curve y*> = 2x and x? + y* = 4x.

17. Find the area bounded by the curve y = sinx between x = 0 and x = 27.

18. Find the area of region bounded by the triangle whose vertices are (-1, 1), (0,
5) and (3, 2), using integration.

19. Draw arough sketch of the region { (x, y) : y2 < 6ax and x>+ y*< 164 } . Also find
the area of the region sketched using method of integration.

20. Compute the area bounded by the lines x + 2y =2, y—x=1and 2x+y="7.

21. Find the area bounded by the lines y=4x+5,y=5—-xand 4y =x + 5.

22. Find the area bounded by the curve y = 2cosx and the x-axis from
x=0tox=2m.

23. Draw arough sketch of the given curve y=1+Ix +1l, x=-3,x=3, y=0and

find the area of the region bounded by them, using integration.

Objective Type Questions
Choose the correct answer from the given four options in each of the Exercises
24 to 34.

24.

25.

26.

T
The area of the region bounded by the y-axis, y = cosx and y = sinx, 0 <x < ) is

(A) /2 sq units (B) ({/2 +1) sq units
(C) ({2 —1) sq units (D) (2+/2 —1) sq units

The area of the region bounded by the curve x* = 4y and the straight line
x=4y-21is

3 5 7 9
(A) gsq units (B) g sq units  (C) g sq units (D) g sq units

The area of the region bounded by the curve y=,/16—x* and x-axis is
(A) 8 sq units (B) 20msq units (C) 167 sq units (D) 2567 sq units
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27.

28.

29.

30.

31.

32,

33.

34.

Area of the region in the first quadrant enclosed by the x-axis, the line y = x
and the circle x> + y2 =32 is

(A) 16w sq units  (B) 47 sq units (C) 327 sq units (D) 24 sq units

Area of the region bounded by the curve y = cosx between x =0 and x = T is
(A) 2 sq units (B) 4 squnits  (C) 3 squnits (D) 1 sq units

The area of the region bounded by parabola y* = x and the straight line 2y = x is

4 2 1
(A) g sq units (B) I squnits (C) 5 sq units (D) gsq units

The area of the region bounded by the curve y = sinx between the ordinates

b
x=0, x= E and the x-axis is

(A) 2 sq units (B)4 squnits (C)3squnits (D) 1 sq units
2 2
The area of the region bounded by the ellipse ;_5+i}_6 =1lis

(A) 207 sq units  (B) 20m? sq units
(C) 1672 sq units (D) 25 T sq units

The area of the region bounded by the circle x> + y> = 1 is

(A) 27 sq units (B) ® sq units  (C) 37 sq units (D) 47 sq units

The area of the region bounded by the curve y =x + 1 and the lines x=2 and x =3 is

7 . 9 , 11 . 13 .
(A) 5 sq units (B) 5 sq units (C) 7 sq units (D) E sq units

The area of the region bounded by the curve x = 2y + 3 and the y lines.
y=landy=-11is

3
(A) 4 squnits (B) E squnits (C) 6 sq units (D) 8 sq units

e L ——
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Chapter

(DIFFERENTIAL EQUATIONS)

9.1 Overview

@

(i)

(iii)

@iv)

)

(vi)

(vii)

An equation involving derivative (derivatives) of the dependent variable with
respect to independent variable (variables) is called a differential equation.

A differential equation involving derivatives of the dependent variable with
respect to only one independent variable is called an ordinary differential
equation and a differential equation involving derivatives with respect to more
than one independent variables is called a partial differential equation.

Order of a differential equation is the order of the highest order derivative
occurring in the differential equation.

Degree of a differential equation is defined if it is a polynomial equation in its
derivatives.

Degree (when defined) of a differential equation is the highest power (positive
integer only) of the highest order derivative in it.

A relation between involved variables, which satisfy the given differential
equation is called its solution. The solution which contains as many arbitrary
constants as the order of the differential equation is called the general solution
and the solution free from arbitrary constants is called particular solution.

To form a differential equation from a given function, we differentiate the
function successively as many times as the number of arbitrary constants in the
given function and then eliminate the arbitrary constants.

(viii) The order of a differential equation representing a family of curves is same as

the number of arbitrary constants present in the equation corresponding to the
family of curves.

(ix) ‘Variable separable method’ is used to solve such an equation in which variables

can be separated completely, i.e., terms containing x should remain with dx and
terms containing y should remain with dy.
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(x) A function F (x, y) is said to be a homogeneous function of degree n if
F (Ax, Ay )= A" F (x, y) for some non-zero constant A.

d
(xi) A differential equation which can be expressed in the form _y= F (x, y) or

dx

dy

zero, is called a homogeneous differential equation.

=G (x,y), where F (x, y) and G (x, y) are homogeneous functions of degree

d
(xii) To solve a homogeneous differential equation of the type 2 F (x,y), we make

dx

substitution y = vx and to solve a homogeneous differential equation of the type

dy =G (x, y), we make substitution x = vy.

d
(xiii) A differential equation of the form d_y + Py =Q, where P and Q are constants or
X

functions of x only is known as a first order linear differential equation. Solution

of such a differential equation is given by y (LF.) = _[(Q x LF.)dx + C, where
LF. (Integrating Factor) = eI i

dx
(xiv) Another form of first order linear differential equation is d_ +Px=Q,, where
Y

P, and Q, are constants or functions of y only. Solution of such a differential

equation is given by x (LF.) = J-(Ql x LF.)dy + C, where LF. = efPldy.

9.2 Solved Examples
Short Answer (S.A.)
Example 1 Find the differential equation of the family of curves y = Ae* + B.e™>.

Solution y=Ae* + B.e™®
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d 2Ae* -2 B.e™ and d_zy =4Ae* + 4Be™
dx ’ dx*
Thus d_2y_4 ie £—4 =0
T g T T
. . . . . dy y
Example 2 Find the general solution of the differential equation o x
X

. dy 'y dy  dx dy  dx
Solution —_— = = T = = —= —
dx x y X y X

= logy =logx + logc = y=cx

d
Example 3 Given that 2 =ye* and x = 0, y = e. Find the value of y when x = 1.

dx
.y dy
Solution o yet = 7 = ¢e'dv = logy=e'+c

Substituting x =0 and y = e,we get loge = ¢’ + ¢,i.e.,c=0( loge=1)
Therefore, log y = e~

Now, substituting x = 1 in the above, we getlogy = e =y =e¢"

d
Example 4 Solve the differential equation Ey + X x*
X

d
Solution The equation is of the type d—y+Py= Q, which is a linear differential
x

equation.

1
Now LF. = j;dx: elosr = x,

Therefore, solution of the given differential equation is
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4
) X
yx= xx’dx,ie yx= 7+c

3
C

Hence y= T+—.
X

Example 5 Find the differential equation of the family of lines through the origin.

d
Solution Let y = mx be the family of lines through origin. Therefore, Ey =m

L dy dy
Eliminating m, we gety = E X or xa -y=0.

Example 6 Find the differential equation of all non-horizontal lines in a plane.
Solution The general equation of all non-horizontal lines in a plane is
ax + by = ¢, where a # 0.

dx
Therefore, @ d_+ b=o.
y

Again, differentiating both sides w.r.t. y, we get
dy2 =0= dy2 =0.

Example 7 Find the equation of a curve whose tangent at any point on it, different

from origin, has slope y+l.
X

d 1
Solution Given LA y+ X =y l+=
dx X X
d 1
= _ 1+ — dx
y x

Integrating both sides, we get

logy=x+logxr+c = log 2 =x+c
X
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=tz =
X

= y=kx.e"
Long Answer (L.A.)

Example 8 Find the equation of a curve passing through the point (1, 1) if the
perpendicular distance of the origin from the normal at any point P(x, y) of the curve
is equal to the distance of P from the x — axis.

—dx
Solution Let the equation of normal at P(x, y) be Y —y = dy (X - x) Je.,
vaiX dx N dx 0 1
- = X— =
2% y dy (D
Therefore, the length of perpendicular from origin to (1) is
-~
dy
- ..(2)
1+ dx
dy

2 2
dx dx dx
[y+xd_yj - y2 1+ — = ﬂ ﬂ(xz_yz)_szy =0 = —=0

dy dy dy dy
dx  2xy
or - = P P
dy y —-x
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CaseI: ﬂ=0=> dx=0
dy

Integrating both sides, we get x = k, Substituting x = 1, we get k = 1.

Therefore, x = 1 is the equation of curve (not possible, so rejected).

e 2xy dy y-x

Case II: dy = y2 2 dx 2y Substituting y = vx, we get
v+xdv v2x? —x? R dv vi-1
@ rr == _
dx 2vx? dx 2v
_ _(1+v2) R 2V2 dve —dx
2v 1+v x

Integrating both sides, we get

log (1 +v?)=-logx +logc = log(l+v)(x)=logc=(1+vV)x=c
= x*+y*=cx. Substitutingx=1, y=1, weget c=2.
Therefore, x>+ y*—2x =0 is the required equation.

T
Example 9 Find the equation of a curve passing through LZ if the slope of the

tangent to the curve at any point P (x, y) is Y cos? )
X X
Solution According to the given condition
d
=2 - cos” S .0
dx x X

This is a homogeneous differential equation. Substituting y = vx, we get

dv dv
V+X T =V —CosV = X— =—cos™

dx dx
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sectvdv=—— = tanv = —logx + ¢

—  tan Z+logx=c ...(ii)
X

T
Substitutingx =1,y = Z’ we get. ¢ = 1. Thus, we get

Yy S . .
tan T T log x =1, which is the required equation.

Example 10 Solve Xzﬂ—xy = 1+ cos 2 #0andx=1,y= z
P dx a x )t TERYE,
Solution Given equation can be written as
dy Y
24y 2
X I Xy = 2cos [ZXJ,x;tO.
2 dy
A
dx ~ -1 sec’ 2l J
X 24y
2cos? 2 = x ==y =1
¥ 2 dx
Dividing both sides by x* , we get
[ y) Dy
2x dx :i d y 1
2 x2 x3 = E tan 2_x —F

Integrating both sides, we get
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T
Substituting x =1,y = 5 we get

Y

3
k= 5 therefore, tan o = 2_362"‘5 is the required solution.

Example 11 State the type of the differential equation for the equation.

xdy — ydx = \[x* + y* dx and solve it.

Solution Given equation can be written as xdy = (\/Xz + y2 + y)dx , l.e.,

QZN/XZJF)’ZJF)’ 1

dx X

Clearly RHS of (1) is a homogeneous function of degree zero. Therefore, the given
equation is a homogeneous differential equation. Substituting y = vx, we get from (1)

2. 22
NXTHVTXT o _ dv
v+x_dv: ie. vtx—= 1+V2+V
dx dx

X

dv 2 Lzﬂ
xdx_«/1+v :\/ﬁ ¥ .. (2)

Integrating both sides of (2), we get

log (v + \/1+v? ) =logx + logc = v + 4/1+1? =cx

2
Y Y
= —+,/1+—=cx = Y+ P4y =
¥ 2 y Xty
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Objective Type Questions

Choose the correct answer from the given four options in each of the Examples 12 to 21.

3 2 2
Example 12 The degree of the differential equation [1 + %] = [%] is
X X
A1 (B)2 <3 (D) 4
Solution The correct answer is (B).
Example 13 The degree of the differential equation
Iy (dyY_ 2 [y
—+3|— | =x"log| — |;
dx’ [dx j g[ dx’ Jls
A1 B)2 <3 (D) not defined

Solution Correct answer is (D). The given differential equation is not a polynomial
equation in terms of its derivatives, so its degree is not defined.

2

dy _dzy

2
Example 14 The order and degree of the differential equation[l"'[aj ] —?

respectively, are
A 1,2 B)2,2 ©2,1 (D)4,2

Solution Correct answer is (C).

Example 15 The order of the differential equation of all circles of given radius ais:
A1 (B)2 ©3 (D) 4

Solution Correct answer is (B). Let the equation of given family be
(x —h)*+ (y — k)*> = @*. Tt has two orbitrary constants /& and k. Threrefore, the order of
the given differential equation will be 2.

d
Example 16 The solution of the differential equation 2x d_y — Y =3 represents a family of
X

(A) straight lines (B) circles  (C) parabolas (D) ellipses
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Solution Correct answer is (C). Given equation can be written as

2dy dx

y+3_7 = 2log (y + 3) = logx + logc

= (y + 3)* = cx which represents the family of parabolas
Example 17 The integrating factor of the differential equation
dy 1 2logx i
It (x log x) + y =2logx is
(A) e (B) log x (C) log (log x) (D) x

dy y 2

. . . . . — 4 —_
Solution Correct answer is (B). Given equation can be written as dx xlogx x-

1

Therefore, LE = eI vogx ™ = gloe o) = log x.
dy *  d
Example 18 A solution of the differential equation d_y - xd—y +y=0is
x X
A)y=2 B)y=2x C)y=2x-4 D)y=2x*-4

Solution Correct answer is (C).

Example 19 Which of the following is not a homogeneous function of x and y.

A)x*+2xy B)2x -y © cos’ % +% (D) sinx — cosy
Solution Correct answer is (D).
de dy
Example 20 Solution of the differential equation N + 7 =0 i
1 1
(A) ;"‘;_C (B) logx. logy=¢ C) xy=c D)x+y=c

Solution Correct answer is (C). From the given equation, we get logx + logy = logc
giving xy = c.
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d
Example 21 The solution of the differential equation X—i+ 2y=x"is

d
(a) y =5 B) y=Sre (© y=EE )y
= =—-4cC = =
4x* Y 4 x° 4x*
2
Solution Correct answer is (D). LE.= , P = p2logx _ jlogx* _ 2 Therefore, the solution
4
X X' +c
isy.x*= xz.xdx:—+k,i.e., = .
y.x _[ 4 y 42

Example 22 Fill in the blanks of the following:

@) Order of the differential equation representing the family of parabolas
y? =4axis

2
dy Y (d? y
(>i1) The degree of the differential equation Ie + ? =0 s

(iii) The number of arbitrary constants in a particular solution of the differential
equation tan x dx + tan y dy = 0 is

2 2
(iv) F(xy)= —V”xy” i

is a homogeneous function of degree

v) An appropriate substitution to solve the differential equation
x*log = —x*
dx .
— = 1is
dy xylog =

(vi) Integrating factor of the differential equation xd_y_ y =sinxis
dx

(vii)  The general solution of the differential equation d_y =e" is
X
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d
(viii)  The general solution of the differential equation Ey +2 =1 is
X
(ix) The differential equation representing the family of curves y = A sinx + B
cosx is
_2\/;
e y dx d
——= —=1(x#0) ~ ~ Y L py=
(x) S Jx dy when written in the form dx+Py Q, then
P=
Solution
1) One; a is the only arbitrary constant.
(>i1) Two; since the degree of the highest order derivative is two.
(iii)  Zero; any particular solution of a differential equation has no arbitrary constant.
@iv) Zero.
) X =vy.
. . . . . _ dy y sinx
(vi) —; given differential equation can be written as ————= and therefore
X dx x x
LE = i —gwesl
e ~ X
(vil) e’ =e"+ ¢ from given equation, we have e'dy = e*dx.
x? 1 x>
(viil))  xy= ?+c ; LE = e % =€ = x and the solutionis y . x= x.ldx= 7+C .
. d’y . . . . .
(ix) —; + y=0; Differentiating the given function w.r.t. x successively, we get
dy A Bsi d d_zy Asi B
7 —Acosy—Bsinx  an Pl sinx — Bcosx
d’y o . .
= W + y = 0 is the differential equation.
1
x)

—\/7 ; the given equation can be written as
X
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dy e y _ dy Yy e

E: \/;_ﬁ 1.€. E-F\/;:T

d
This is a differential equation of the type Ey +Py=Q.

Example 23 State whether the following statements are True or False.

@

(i)

(iii)

(iv)

)

(vi)

(vii)

(viii)

(ix)

Order of the differential equation representing the family of ellipses having
centre at origin and foci on x-axis is two.

d’y dy
Degree of the differential equation 1+d—2 =x+ I is not defined.
X X

dy o : : dy :
d_+ y =35 is a differential equation of the type d_+ Py =Q but it can be solved
X X

using variable separable method also.

ycos Y lx
X

F(x,y) = rcos [ y ) is not a homogeneous function.

=

2
X"ty
F(x, y) = Ty y is a homogeneous function of degree 1.

d
Integrating factor of the differential equation 2 Y=COSX js e".

dx

The general solution of the differential equation x(1 + y*)dx +y (1 + x)dy =0
is(L+x)(1+y) =k

d
The general solution of the differential equationd—y+y S€CX = tanx is
X

y (secx — tanx) = secx — tanx + x + k.

d
x + y =tanly is a solution of the differential equation y* d_y+ y>+1=0
x
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d
(x) y =xis a particular solution of the differential equation d—g— X d_z txy=x,
X
Solution
2 2

@) True, since the equation representing the given family is ?+b_2:1 , which

has two arbitrary constants.
(>i1) True, because it is not a polynomial equation in its derivatives.
(ii1) True
@iv) True, because £ ( Ax, Ay) = A° f(x, y).
v) True, because f( Ax, Ay) = A £ (x, y).
(vi) False, because LF = , 7" _ -+,
(vii)  True, because given equation can be written as

2 -2
x2 dx= y2 dy
1+x 1+y

= log (1 +x*) =-1log (1+y*) +logk

= T+x)A+y)=k
(viii) ~ False, since LF. = , 5 _ jlogGsecx+tanx) = gecx + tanx, the solution is,

y (secx + tanx) = (sec x+ tan x) tan xdx = j(secx tan x + sec’x—1)dx =
secx + tanx — x +k

d 1 d
(ix) True,x+y=tan'y = 1+2 = z_y
dx 1+y” dx

_ 2
= a1 ——1|=1,1ie, dl:M which satisfies the given equation.
dx | 1+y dx y
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False, because y = x does not satisfy the given differential equation.

EXERCISE

Short Answer (S.A.)

10.

11.

12.

d —x
Find the solution of Dy )
dx

Find the differential equation of all non vertical lines in a plane.

dy
Given that —=e
1ven a dx

Find the value of x when y = 3.

and y =0 when x = 5.

1

d
Solve the differential equation (x> — 1) Ey + 2xy = 2

d
Solve the differential equation d—z"‘ 2xy=y

d -
Find the general solution of 2y ay=e

dx

. . . dy x+y
Solve the differential equation d—+1= e
x

Solve: ydx — xdy = x*ydx.

d
Solve the differential equation 2 =1+x+y*+xy>, wheny=0,x=0.

dx
. : dy
Find the general solution of (x + 2y? o y.
: : 2+sinx  dy .
If y(x) is a solution of I+y dx =~ Cosx and y (0) = 1, then find the value
T
of ¥ 5 .

d
Y 4y=1andy (0)=— I, then show that

If y(¢) is a solution of (1 + t) Z

1
y(1)=-7.
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13.

14.

15.

16.

17.

18.
19.

20.
21.

22,
23.
24.

Form the differential equation having y = (sin"'x)* + Acos™'x + B, where A and B
are arbitrary constants, as its general solution.

Form the differential equation of all circles which pass through origin and whose
centres lie on y-axis.

Find the equation of a curve passing through origin and satisfying the differential

d
equation (1+x2)d—i+ 2xy=4x"

d
Solve : xz—y =x2+xy + %

dx

d
Find the general solution of the differential equation (1 + y?) + (x — &) d_y =0.
X

Find the general solution of y?dx + (x> — xy + y*) dy = 0.
Solve : (x + y) (dx — dy) = dx + dy.[Hint: Substitute x + y = z after seperating dx
and dy]

d
Solve : 2 (y + 3) —xy d-i: 0, given that y (1) =—2.

Solve the differential equation dy = cosx (2 —y cosecx) dx given that y =2 when

x=—.
2

Form the differential equation by eliminating A and B in Ax> + By? = 1.

Solve the differential equation (1 + y?) tan"'x dx + 2y (1 + x*) dy = 0.

Find the differential equation of system of concentric circles with centre (1, 2).

Long Answer (L.A.)

25.
26.

27.

28.
29.

d
Solve : y+d—(xy) = x (sinx + logx)
X

Find the general solution of (1 + tany) (dx — dy) + 2xdy = 0.

Y = cos(x + y) + sin (x + y).[Hint: Substitute x + y = 7]

Solve : E

. : dy :
Find the general solution of I 3y=sin2x,
X

Find the equation of a curve passing through (2, 1) if the slope of the tangent to
x4yt

the curve at any point (x, y) is 2xy
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31.

32.

33.
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Find the equation of the curve through the point (1, 0) if the slope of the tangent

y=1
to the curve at any point (x, y) is NN
Find the equation of a curve passing through origin if the slope of the tangent to
the curve at any point (x, y) is equal to the square of the difference of the abcissa
and ordinate of the point.
Find the equation of a curve passing through the point (1, 1). If the tangent
drawn at any point P (x, y) on the curve meets the co-ordinate axes at A and B
such that P is the mid-point of AB.

d
Solve : Xzy=y (logy—logx+1)
X

Objective Type
Choose the correct answer from the given four options in each of the Exercises from
34t0 75 M.C.Q)

34.

35.

36.

37.

2. 2 2
; i i —d J + ﬂ =xsin ﬂ is:
The degree of the differential equation P x PP
A1 (B)2 <3 (D) not defined
3
dy *?_d’y
The degree of the differential equation 1+ n = ?is
3 :
(A4 (B) E (C) not defined (D)2
d*y dy i .
The order and degree of the differential equation F—i_ e +x3 =0,
X X

respectively, are
(A) 2 and not defined (B)2and 2 (C)2and 3 (D)3 and 3

If y = e~ (Acosx + Bsinx), then y is a solution of

2

d*y _dy d’y dy
(A) dx* dx (B) dx* dx Y

d’y dy d’y

02 2y=0 £ 42y=0
© dx* dx Y (D) dx* Y
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38.

39.

40.

41.

42.

43.

44.

The differential equation for y = Acos ox + Bsin o, where A and B are arbitrary
constants is

dzy 2 dzy 2

(A) ?—(x y=0 (B) W+OC y=0
dZ 2

(©) Eg+ocy:0 (D) Eg—ayzo

Solution of differential equation xdy — ydx = 0 represents :
(A) a rectangular hyperbola

(B) parabola whose vertex is at origin

(C) straight line passing through origin

(D) a circle whose centre is at origin

d
Integrating factor of the differential equation cosx Ey+ ysinx=11s:
(A) cosx (B) tanx (C) secx (D) sinx

Solution of the differential equation tany sec’x dx + tanx sec’ydy = 0 is :

(A) tanx + tany = k (B) tanx —tany =k
tan x k
© tan y (D) tanx .tany =k

Family y = Ax + A® of curves is represented by the differential equation of degree

A1 (B)2 <3 (D) 4
: xd )
Integrating factor of ———y=x*-3x1is:
dx
1
(A)x (B) logx ©) < D) -x

: dy .
Solution of d——y= I, y (0)=11s given by
X

(A) xy =—¢ B)xy =—e*(Cxy =-1 D)y =2e-1
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46.

47.

48.

49.

50.

51.

52.
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dy y+1
The number of solutions of x = 1 wheny (1)=21is:

(A) none (B) one (C) two (D) infinite

Which of the following is a second order differential equation?
A) () +x=y (B) yy + y=sinx

©)y +()+y=0 D)y =y

d
Integrating factor of the differential equation (1 — x?) d_y —xy=lis
X

X 1
(A)—x B) 112 ©) {1-x (D) 7 log (1-x7)
tan™' x + tan™' y = ¢ is the general solution of the differential equation:
dy _1+y’ dy 1+x°
(A) dx  1+x* (B) dx  1+y*
O A+x)dy+(1+y)dx=0 D) A +xHdx+1+y)dy=0

The differential equation y d—y+ X = ¢ represents :
x

(A) Family of hyperbolas (B) Family of parabolas
(C) Family of ellipses (D) Family of circles
The general solution of e¢* cosy dx — e*siny dy =0 is :
(A) e*cosy=k (B) e*siny =k
(C) " =kcosy (D) e =k siny
d*y (dyY
The degree of the differential equation —f H 2 +6y°=0 s
dx dx
(A1 (B) 2 ©3 D)5

d x
The solution of d_y +y=¢e",y(0)=0 is :
X

(A)y=e'(x-1) (B) y=xe™
OC)y=xer+1 D)y=x+1e™
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53.

54.

55.

56.

57.

58.

d
Integrating factor of the differential equation d—i'i‘ ytanx—secx=0is:

(A) cosx (B) secx
(C) ecosx (D) esecx
dy 1+y’
The solution of the differential equation —,~= 7 is:
dx l1+x
(A) y = tan"x B)y—-x=k(( +xy)
(C) x = tan’'y (D) tan (xy) = k
: : : : . dy I+y.
The integrating factor of the differential equation d_+ y=—"-7is:
x x
X ex
A ~% B) —
e X
(C) xe* (D) ¢*
y = ae™ + be™™ satisfies which of the following differential equation?
d d
(A) ot my=0 (B) L my=0
dx dx
d 2)’ 2 d 2)’ 2
C) —=-m"y=0 D) —+m y=0

The solution of the differential equation cosx siny dx + sinx cosy dy =0 is :

sin x

=c 1 ny =
sin y (B) sinx siny = ¢

(C) sinx + siny =c¢ (D) cosx cosy = ¢

: dy .
The solution of X—— +y=e¢"is:
dx

* ok
(A)Y=e—+— (B) y =xe* + cx
X X
(C) y = xe" + k D)= 4k
= + = - T
y X X y y
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60.

61.

62.

63.

64.
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The differential equation of the family of curves x* + y* — 2ay = 0, where a is
arbitrary constant, is:

dy dy
(A) =y} ——=2xy B)2(*+y) ——=uxy

dx dx
(©)2 (x*—yY ﬂ—x (D) (x> + 2)ﬂ =2x
Family y = Ax + A® of curves will correspond to a differential equation of order
(A3 B)2 O1 (D) not defined

: dy oy s
The general solution of I 2x " 7 s
X

(A) e V=c B) e + e =c
©e= e +c D) "+ =c

The curve for which the slope of the tangent at any point is equal to the ratio of
the abcissa to the ordinate of the point is :

(A) an ellipse (B) parabola
(C) circle (D) rectangular hyperbola

2
X

: . : . dy = :
The general solution of the differential equation d—yze 2 4+xyis:
X

2
—X

(A) y—ce 2 B) y=ce2

2 2
X X

© y=(x+c)e? (D) y=(c—x)e?
The solution of the equation (2y — 1) dx — (2x + 3)dy =0 is :

2x-1 —k 2y+1 K
(A 2y+43 B) 2r-3
2x+3 2x-1

=k =k
© 3,7 ®) 21
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65.

66.

67.

68.

69.

70.

The differential equation for which y = acosx + bsinx is a solution, is :

2 2

d’y
(A) > +y=0 (B) -y=0

2 dZ

©) y+(a+b)y 0 (D) y+(a b)yy=0

d
The solution of Ey+ y=e*y(0)=0is:
A)y=e*(x-1) (B)y= xe*
C)y=xe* +1 D)y= xe*

The order and degree of the differential equation

2 4
d’ d*y _ d
& et e
(A) 1.4 B34 (©24 (D32

dy
The order and degree of the differential equation [1+[ dx j }

3
(A2, 5 B)2,3 ©2,1 D)3, 4
The differential equation of the family of curves y* =4a (x + a) is :
dy( . dy dy
2
=4—=| x+—= 2y—L=4
(A) Y dx[ de (B) ¥ dx ¢
d’y dy g dy dy
—+ — =0 2x —+
©y dx* dx (D) dx Y dx -
d’y ,dy,
Which of the following is the general solution of —5 —2—
dx’ dx
(A) y=(Ax+B)e* B)y=(Ax+ B)e™
(C)y=Ae" + Be™ (D) y = Acosx + Bsinx

T2 are:
dx

=09
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72.

74.

75.

76.
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d
General solution of d_y + ytanx =secx js:
X

(A) y secx =tanx + ¢ (B) y tanx = secx + ¢

(C) tanx = y tanx + ¢ (D) x secx =tany + ¢

d .
Solution of the differential equation 22 inx is:

x X
(A) x (y + cosx) = sinx + ¢ (B) x (y — cosx) =sinx + ¢
(C) xy cosx =sinx + ¢ (D) x (y + cosx) =cosx +c¢
The general solution of the differential equation (e* + 1) ydy = (y + 1) e'dx is:
A+ =k(e+1) B)y+l=e+1+k

e +1
(©y=log {k(y+1)(e"+ 1)} (D) y=log o +k

d
The solution of the differential equation 2 e+ x2eVis:

dx

3

A y=e?r—xte’ +c (B)ey—e"=%+c
X X

(C)ex+e~”’=?+c (D)ex—ey=?+c
dy 2xy 1

. . . . — 4 = . .
The solution of the differential equation dx 1422 (1442 1S :

y
Ay +x?)=c+tan'x B) l+2=¢t tan~lx

(C)ylog (1 +x»)=c+tan'x D)y +x*)=c+sinx
Fill in the blanks of the following (i to xi)

2 LYl
@) The degree of the differential equation d_g+ e® =0 is
X

2
d
(i1) The degree of the differential equation 41+ 2 X is .
g q d
X
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77.

(iii)) ~ The number of arbitrary constants in the general solution of a differential
equation of order three is

.,y 1 .
dx xlogx x is an equation of the type

@iv)

dx
v) General solution of the differential equation of the type d_y+ Px=Q,

is given by

. . . . . xdy 2.
(vi) The solution of the differential equation E—F 2y=x"is

(0
dx

(viii)  The solution of the differential equation ydx + (x + xy)dy =0 is .

(vii)  The solution of (1 + x?) — +2xy—4x*=01s

d
(ix) General solution of _y+ Y =sinx is

dx
(%) The solution of differential equation coty dx = xdy is
: , : dy _I+y .
(xi) The integrating factor of —+y=—""is
dx X
State True or False for the following:
dx _
@) Integrating factor of the differential of the form d_y+ px=Q s given

by efmdy .

dx
(ii) Solution of the differential equation of the type d_y+ Px=Q, jg given

by xIE = (LF)XQdy.
(iii) Correct substitution for the solution of the differential equation of the

d
type d—y=f (x,¥), where f (x, y) is a homogeneous function of zero
x

degree is y = vx.
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(vi)

(vii)

(viii)

(ix)

x)

(xi)
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Correct substitution for the solution of the differential equation of the

type d_y

degree zero is x = vy.

=8(x,¥) where g (x, y) is a homogeneous function of the

Number of arbitrary constants in the particular solution of a differential
equation of order two is two.

The differential equation representing the family of circles
X2+ (y — a)* = a* will be of order two.

The solution of ﬂz = 18
dx

Differential equation representing the family of curves

d’y .d
y = e* (Acosx + Bsinx) is gg]—2d—i+2y=0
: . . . dy _x+2y
The solution of the differential equation d_: isx+y=kx
X X

xd .y
Solution of L y+xtanl is sin = =cx
dx X X

The differential equation of all non horizontal lines in a plane is
d’x

0
dy*

- O L ——
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Chapter 10

(YECTOR ALGEBRA)

10.1.1 A quantity that has magnitude as well as direction is called a vector.

10.1 Overview

a
10.1.2 The unit vector in the direction of a is given by [;7 and is represented by ; .

10.1.3 Position vector of a point P (x, y, z) is given as OP=xi{ +y j+zk and its
magnitude as |OP | =4/x” + y*> + z* , where O is the origin.

10.1.4 The scalar components of a vector are its direction ratios, and represent its
projections along the respective axes.

10.1.5 The magnitude r, direction ratios (a, b, ¢) and direction cosines (I, m, n) of any
vector are related as:

a b c
I=—,m=—,n=—,
r r r

10.1.6 The sum of the vectors representing the three sides of a triangle taken in order is 0

10.1.7 The triangle law of vector addition states that “If two vectors are represented
by two sides of a triangle taken in order, then their sum or resultant is given by the third
side taken in opposite order”.

10.1.8 Scalar multiplication

If a is a given vector and A a scalar, then A a is a vector whose magnitude is 1A a | =\l

la|. The direction of A a is same as that of a if A is positive and, opposite to that of a if
A is negative.
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10.1.9 Vector joining two points

If P, (x, y,,z,) and P, (x,, y,,z,) are any two points, then

P1P2= (xz _xl) {+(y2 _yl).;+(zz _Zl)kA

IPP, I= \/(xz _xl)z +(, - )’1)2 +(z, - Zl)z
10.1.10 Section formula

The position vector of a point R dividing the line segment joining the points P and Q

whose position vectors are g and p

. . . . . . na + mb
(1) intheratio m : n internally, is given by ntn
mb —na
(i) intheratio m : n externally, is given by 1

a-p
10.1.11 Projection of a along b is b and the Projection vector of aalong b

.la-b
15[ IEI ]b.

10.1.12 Scalar or dot product

The scalar or dot product of two given vectors a and p having an angle 0 between
them is defined as

a.pb=lallplcosO

10.1.13 Vector or cross product

The cross product of two vectors a and » having angle 0 between them is given as

axp=lallplsin® i,
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where 7 is a unit vector perpendicular to the plane containing @ and b and a,b, n
form a right handed system.

10.1.14 If a = alf+a2}'+a3l€ and b= blf+b2}'+b3]€ are two vectors and A is

any scalar, then
a+ b= (a,+b)i+(a,+b,) ]+ (a,+b)k
Aa= (a)i+Nay)j+ha)k

a.b=a, b+ a,b,+a,b,

banbY

j

b R A N

axp= |4 bl al = (bc,=byec)i +(ac, —cc)j +(ab, —ab) k
2

Angle between two vectors a and b is given by

a-b a, b +a,b, +a,b,
SO = 1 11p17 Jal +a +a2 b} +b +1:

10.2 Solved Examples
Short Answer (S.A.)

Example 1 Find the unit vector in the direction of the sum of the vectors

a=21-j+2k and b=-{+j+3k.
Solution Let ¢ denote the sum of a and b. We have
= Qi-j+2R)+(—i+]+3k) = i+5k

Now | cl=+/12+5% =~/26 -
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Thus. the required uni i c=S= L (i+5k)——1 ik
us, the required unit vector is H 126 NN

Example 2 Find a vector of magnitude 11 in the direction opposite to that of pQ,
where P and Q are the points (1, 3, 2) and (-1, 0, 8), respetively.

Solution The vector with initial point P (1, 3, 2) and terminal point Q (-1, 0, 8) is given by

PQ=(-1-1){+0-3) j+(8-2) f =-27-3 j+6 |
Thus QP =- PQ = 2i+3j-6k
= IQPI=4/2"+3" +(-6)’ =/4+9+36 =/49 =7

Therefore, unit vector in the direction of QP 1is given by

p. QP =2f+3}—6l€
lQ P! 7

Hence, the required vector of magnitude 11 in direction of QP is

" " 20+3]-6k 22¢+33A, 66]2
— - 4 — _l - I .
QP 7 7' 7777
Example 3 Find the position vector of a point R which divides the line joining the two
points Pand Q with position vectors OP =2 @ + p and O Q=a- 2 p , respectively,
in the ratio 1:2, (i) internally and (ii) externally.

Solution (i) The position vector of the point R dividing the join of P and Q internally in
the ratio 1:2 is given by

_2(2a+p)+1(a —2b)_ﬂ
B 1+2 3

OR
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(i) The position vector of the point R” dividing the join of P and Q in the ratio
1:2 externally is given by

o’ = 2(2a+b;—i(a 20 3444,

Example 4 Ifthe points (-1,-1, 2), (2,m, 5) and (3,11, 6) are collinear, find the value of m.
Solution Let the given points be A (-1, -1, 2), B (2, m, 5) and C (3, 11, 6). Then

AB=Q+)i+(m+1)j+(5-2)k =3i+(m+1)]+3k
and AC=G+Di+11+D)j+(6-2k =4i+12]+4k.
Since A, B, C, are collinear, we have AB =A A (., i.e.,

(31 +(m+1) j+ 3k)= A(4i +12] +4k)
= 3=4A and m+1=12A

Therefore m=38.
s
Example 5 Find a vector r of magnitude 3,/2 units which makes an angle of n and

m
B with y and 7 - axes, respectively.

n 1 T
i = COS—=—F = - =
Solution Here m 4 b and n = cos 0.

2
Therefore, P+m*+n=1 gives
P 1 0 =1
+5+0 =
; n
= = + \/5
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Hence, the required vector = 3.2 (Ii+m |+ nk) is given by

1. 1 . o~
r=3\/§ (iﬁl'i_ﬁj'i_()k) = r:i3;+3}
Example 6 If a =2i—j+k, b = [+} —2fand ¢= 7+ 3} },find A such that

a is perpendicularto Ab +c .

Solution We have

Ab+c=N(i+j=2k)+({+3]-k)

=(A+1) 7+A+3)j-Qh+Dk

Sincea L(Ap +¢), a.Ab+¢)=0
SQF=j+k). A+ +A+3) j QA+ 1)k]1=0
=22A+1D)-A+3) —2A+1)=0

=A=-2.

Example 7 Find all vectors of magnitude 1(./3 that are perpendicular to the plane
of i+2j+k and —{+3]+4k .

Solution Let 4= f+2}'+l€ and p = —f+3}'+4l€ . Then

={(8=3)— j(4+1)+k (3+2) sr s asi

B = =

j
axb=|1 2
3

|axb|=A/(5)* +(=5) +(5) =/3(5)" =53
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Therefore, unit vector perpendicular to the plane of ¢ and p is given by

axb _50-5]+5k
‘axb‘_ 53

Hence, vectors of magnitude of 10+/3 that are perpendicular to plane of 4 and b

5i—57+5k R
are £10M3 ——— , e, ilO(f—}'+k).

5\3

Long Answer (L.A.)

Example 8 Using vectors, prove that cos (A — B) = cosA cosB + sinA sinB.

Solution Let OP and OQ be unit vectors making angles A and B, respectively, with
positive direction of x-axis. Then ZQOP = A — B [Fig. 10.1]

Weknow OP = OM + MP=/cosA +sin A and OQ = ON + NQ=icosB + jsinB.

By definition OP. 0Q=|OP| |0Q) cos (A-B)

= cos (A—B) () [ |orl=1=|oq])

In terms of components, we have

OP.0Q = (icos A+ jsinA).(i cosB+ jsin B) N
=cosA cosB + sinA sinB .. 2)
p
From (1) and (2), we get :
cos (A — B) = cosA cosB + sinA sinB. Q
P i
» i
X' Bri C
O M N X
Y’ Fig. 10.1
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sin A _ sin B _ sinC
b
magnitudes of the sides opposite to vertices A, B, C, respectively.

Example 9 Prove thatin a A ABC, , where a, b, c represent the

Solution Let the three sides of the triangle BC, CA and AB be represented by
a,bandc , respectively [Fig. 10.2].

We have a+b+c=0.1.e., a+b=—c

which pre cross multiplying by 4 , and A

post cross multiplying by p , gives

axb=cXa

and axb=bxXxc

respectively. Therefore,

axb=bxc=cXa Fig. 10.2
= ‘axb‘=‘bxe‘=|cxa|
= Jal [ sin (.~ ©) = b |e|sin (x — A)=|c||asin (x ~ B)
= ab sin C = bc sinA = ca sinB

Dividing by abc, we get

sinC sinA sinB
= = ie.
c a b a b c

sinA sinB sinC

Objective Type Questions

Choose the correct answer from the given four options in each of the Examples 10 to 21.

Example 10 The magnitude of the vector 6; +2}+3]€ is
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(A) 5 (B) 7 © 12 (D) 1
Solution (B) is the correct answer.

Example 11 The position vector of the point which divides the join of points with

position vectors g+b and 2g—p in the ratio 1 : 2 is

3a+2b Sa-b da+b

3 B)  a © 5 D

(A)

Solution (D) is the correct answer. Applying section formula the position vector of
the required point is

2(a+b)+1(2a—-b) 4a+b
2+1 3

Example 12 The vector with initial point P (2, -3, 5) and terminal point Q(3, 4, 7) is

(A [-j+2k (B)  5i-7]+12k

©) —i+ f—21€ D) None of these
Solution (A) is the correct answer.
Example 13 The angle between the vectors { —; and }—12 is

(A) T 2n - Sm

3
a.b

Solution (B) is the correct answer. Apply the formula cos0 = | a| ‘ b‘ .

Example 14 The value of A for which the two vectors 27 — }'+2]€ and 37 +7j+l€

are perpendicular is
A 2 B 4 <G 6 D) 8

Solution (D) is the correct answer.
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Example 15 The area of the parallelogram whose adjacent sides are {+% and
20+ j+k is

A 2 B) 3 © 3 D) 4

Solution (B) is the correct answer. Area of the parallelogram whose adjacent sides

are g andb 1s ‘axq,

Example 16 If |a|= 8, ‘b‘=3 and ‘aXb‘=12, then value of ¢.p is
A 6 B) 8/ (O 12/3 (D) None of these

Solution (C) is the correct answer. Using the formula ‘a X b‘ = |a|.‘b‘ Isin@|, we get

0==

Therefore, ab = |a|.‘b‘cose =8x3x ? = 1243.

Example 17 The 2 vectors }+l€ and 3/ —}‘+4l€ represents the two sides AB and
AC, respectively of a AABC. The length of the median through A is

34 48
(A) g (B) g (C) J18 (D)  None of these
Solution (A) is the correct answer. Median AD is given by

‘AD‘: % ‘3?+}‘+51€‘:@

Example 18 The projection of vector g=2; — }+l€ along =i+ 2}‘+2]€ is
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(A) (B) © 2 D e

W |
W | =

Solution (A) is the correct answer. Projection of a vector g on b is

ab  Qi-j+k).G+2j+2k) 2

[T a3

Example 19 If gand b are unit vectors, then what is the angle between g and b for

\Ba —p to be a unit vector?
(A) 30° (B) 45° © 60° (D) 90°

Solution (A) is the correct answer. We have

(Ba—b)?=3a>+b*~2\3ab
3 3
= a.b =T:>COSG=7 0 = 30°.

Example 20 The unit vector perpendicular to the vectors { — jand { + j forming a

right handed system is

A A i-J i+
(A) k B -k ©) N3 (D) N

Solution (A) is the correct answer. Required unit vector is

(-
il

Example 21 If |a|=3 and —1<k<2, then |ka| lies in the interval

Ay [0,6] B) [-3,6] ©  [3.6] D) [1,2]
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Solution (A)is the correct answer. The smallest value of |ka| will exist at numerically

smallest value of &, i.e., at k = 0, which gives |ka|=|k”a‘=0><3=0

The numerically greatest value of k is 2 at which |ka|=6 .

10.3

EXERCISE

Short Answer (S.A.)

1.

10.

11.

Find the unit vector in the direction of sum of vectors g =27 — j+ kand p= 27+ L.
If a=i+j+ 2k and p =27+ j- 2k , find the unit vector in the direction of
»H6b (i) 2a—b

Find a unit vector in the direction of PQ, where P and Q have co-ordinates

(5,0, 8)and (3, 3, 2), respectively.

If gandb are the position vectors of A and B, respectively, find the position
vector of a point C in BA produced such that BC = 1.5 BA.

Using vectors, find the value of k such that the points (k, — 10, 3), (1, -1, 3) and

(3, 5, 3) are collinear.

A vector r is inclined at equal angles to the three axes. If the magnitude of r is
2\/3 units, find r .

A vector r has magnitude 14 and direction ratios 2, 3, — 6. Find the direction

cosines and components of r , given that » makes an acute angle with x-axis.

Find a vector of magnitude 6, which is perpendicular to both the vectors 2; —}+2]€
and 4 — j+3k .

Find the angle between the vectors 2 — j+k and 3; +4j—k .
If a+b+c=0, show that axb=bxc=cxa . Interpret the result geometrically?

Find the sine of the angle between the vectors a=3f+}'+2]2 and
b=20 —2j+4k.
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12.

13.

14.

MATHEMATICS

If A, B, C, D are the points with position vectors {+ j—k, 27— j+3k .
27 -3k, 31 —2j+k , respectively, find the projection of AB along CD .

Using vectors, find the area of the triangle ABC with vertices A(1, 2, 3),
B(2,-1,4)and C4, 5,-1).

Using vectors, prove that the parallelogram on the same base and between the
same parallels are equal in area.

Long Answer (L.A.)

15.

16.

17.

18.

. ) b +ct-a?
Prove that in any triangle ABC, COSA:—Zb , Where a, b, c are the
c

magnitudes of the sides opposite to the vertices A, B, C, respectively.

If a,b,c determine the vertices of a triangle, show that

) bXc+cXxa+axb gives the vector area of the triangle. Hence deduce the

condition that the three points g, ,c are collinear. Also find the unit vector normal

to the plane of the triangle.

Show that area of the parallelogram whose diagonals are given by 4 and p is

‘axb‘

. Also find the area of the parallelogram whose diagonals are 2{ — j+k
and {+3)—k.

If =i+ j+k and b=j—k, find a vector ¢ such that axc=b and a.c=3.

Objective Type Questions

Choose the correct answer from the given four options in each of the Exercises from
19 to 33 (M.C.Q)

19.

The vector in the direction of the vector ; —2}'+ 2k that has magnitude 9 is

f oA f—2]+2k
(A) i—2j+2k (B) %
(©) 3(1—-2]+2k) D) 9(-2j+2k)
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20.

21.

22.

23.

24.

25.

VECTOR ALGEBRA 217

The position vector of the point which divides the join of points 2g —3b and g +b
in the ratio 3 : 11s
Sa

3a
©) e (D) e

3a—2b Ta—8b

2 (B) 4

(A)

The vector having initial and terminal points as (2, 5, 0) and (-3, 7, 4), respectively
is

(A) —1+12]+4k (B)  5i+2j-4k
©) —5i+2]+4k (D)  {+j+k

The angle between two vectors g and » with magnitudes \/3 and 4, respectively,

and a_b=2\/§ is

T 51
© 5 ™

T
TV (8) >

3
Find the value of A such that the vectors q=2{+Aj+k and b={+2]+3k are
orthogonal

3

5
(A) 0 ®B) 1 ©) D -3

The value of A for which the vectors 3; —6}'+l€ and 27 —4}‘+7J€ are parallel is

2 3
@ 3 ® 5

Bl

©) (D)

5
The vectors from origin to the points A and B are

a=2{—3]+2k and b=2{ +3 ] +k ,respectively, then the area of triangle OAB is

1
(A) 340 B) J25 (© 229 (D) §V229
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26.

27.

28.

29.

30.

31.

32.

33.

MATHEMATICS

For any vector g, the value of (axi)?+(ax J)*+(axk)® is equal to

(A) a’ B) 3,2 (© 4a®> (D) 2d°

If |a| =10, ‘b‘ =2and ¢.b=12, then value of ‘aXb‘ is

(A) 5 B) 10 © 14 (D) 16

The vectors Ai+ j+2k, i+Aj—k and 27— j+Ak are coplanar if

(A) A=-=2 B) A=0 (O A=1 (D) A=-1

If a,b, ¢ are unit vectors such that g+b + ¢ =0, then the value of g.h+b.c+ca is

(A) 1 B) 3 ©) - (D) None of these

Projection vector of ¢ on p is

a.b a.b a_b ab ~
(A) e b ® B © b

If a,b,c are three vectors such that g+b+ ¢=0 and |a|=2, ‘b‘=3, |c|=5,
then value of g.hb+b.c+c.a i1s

(A) 0 B) 1 © -19 (D) 38

If |a|=4 and —3<A <2, then the range of |ka| is

(A) [0, 8] B)  [-12,8]1(C) [0,12] (D)  [8,12]
The number of vectors of unit length perpendicular to the vectors g =2+ }'+ 2%

and b= +k is
(A) one (B) two © three (D) infinite

Fill in the blanks in each of the Exercises from 34 to 40.

34.

The vector 4+ p bisects the angle between the non-collinear vectors 4 and

pif
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35.

36.

37.

38.

39.

40.
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If r.a=0,r.b=0, and r.c=0 for some non-zero vector r , then the value of

a.(bxc) is

The vectors a=3i—2j+21€ and p=_;-2 are the adjacent sides of a

parallelogram. The acute angle between its diagonals is

1
The values of k for which |ka|<|aand ka+aa is parallel to g holds true

The value of the expression ‘axb‘z +(a.b)* is
2 2
If ‘axb‘ + ‘a.b‘ =144 and |a|=4, then ‘b‘ is equal to .

If a is any non-zero vector, then (a.f)f+(a.}')}+(a.l€)l€ equals

State True or False in each of the following Exercises.

41.

42.

43.

44.

45.

If |a|= ‘b‘ , then necessarily it implies g=+p .
Position vector of a point P is a vector whose initial point is origin.

If ‘a+b‘=‘a —b‘ , then the vectors ¢ and j are orthogonal.

The formula (a+b)*=a*+b*+2axb is valid for non-zero vectors 4 and p, .

If 4 and p are adjacent sides of a rhombus, then 4 .p=0.

- O L ——
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(! HREE DIMENSIONAL GEOMETR g)

11.1 Overview

11.1.1 Direction cosines of a line are the cosines of the angles made by the line with
positive directions of the co-ordinate axes.

11.1.2 If [, m, n are the direction cosines of a line, then > + m?> + n> =1
11.1.3 Direction cosines of a line joining two points P (x,y , z,) and Q (x,, y,, z,) are

=X =N 7%

PQ ° PQ ' PQ

where PQ=\/(x2 )2+ (=) +(z—7)’

11.1.4 Direction ratios of a line are the numbers which are proportional to the direction
cosines of the line.

11.1.5 If [, m, n are the direction cosines and a, b, c are the direction ratios of a line,
ta +b tc
sm= ;n=
JO+D+ @+ + b+
11.1.6 Skew lines are lines in the space which are neither parallel nor interesecting.
They lie in the different planes.

then [=

11.1.7 Angle between skew lines is the angle between two intersecting lines drawn
from any point (preferably through the origin) parallel to each of the skew lines.

11.1.8 If I, m,n and [, m, n, are the direction cosines of two lines and 0 is the
acute angle between the two lines, then

cos® = |[l, +mm, +nn,

11.1.9 If a, b, ¢, and a,, b,, c, are the directions ratios of two lines and 0 is the
acute angle between the two lines, then
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| aa,+bb,+cc |
cos 0= 1G9 TD0, TC 6

|Ja2 +ad+a? bt +b2+b? |

11.1.10 Vector equation of a line that passes through the given point whose position

vector is a and parallel to a given vector p iS r=a+Ab .

11.1.11 Equation of a line through a point (x,, y , z,) and having directions cosines
[, m, n (or, direction ratios «, b and c) is

X=X _ Y=y _2=%4 X=X _Y=Nn_27%
- - or - - .
l m n a b c

11.1.12 The vector equation of a line that passes through two points whose positions

vectors are ¢ and pis r=a+A(b—a) .

11.1.13 Cartesian equation of a line that passes through two points (x, y, z,) and
(X, ¥, 2,) 18
X5 _Y7h _ 7%

X=X Yo=Y L4

11.1.14 If 6 is the acute angle between the lines r =a, +xb1 and r =a, +Ab, ,then

o _‘bl.bz‘ o ‘bl.bz‘
0 is given by cose—‘bIHbz‘ or 6=cos ‘bIHbz‘ .
X™5_ YN _27% X% _ Y70 7% )
11.1.15 If I m, n, and I m, n, are equations of two

lines, then the acute angle 0 between the two lines is given by

cosO = | I, +m, m, +n, n,|.

11.1.16 The shortest distance between two skew lines is the length of the line segment
perpendicular to both the lines.

11.1.17 The shortest distance between the lines r =a,+\b, and r =a,+\b, is
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|(b1 x bz)‘ (a,-a,) |
‘ b, xb| ‘

a, b, %)

JBiey=bye, Y +(c1a, —cya,)* +(ayby —arhy; )

11.1.19 Distance between parallel lines r =a,+ub and r =a, +Ab 1S

b x (az - al)
Z

11.1.20 The vector equation of a plane which is at a distance p from the origin, where

7 1s the unit vector normal to the plane, is r.A=p.

11.1.21 Equation of a plane which is at a distance p from the origin with direction
cosines of the normal to the plane as [, m, n is Ix + my + nz = p.

11.1.22 The equation of a plane through a point whose position vector is @ and

perpendicular to the vector p is (r— a).n=0or r.n=d , where d =a.n.

11.1.23 Equation of a plane perpendicular to a given line with direction ratios a, b, ¢
and passing through a given point (x, y,z)isa (x-x)+b(y—y)+c(z-z)=0.

11.1.24 Equation of a plane passing through three non-collinear points (x,, y,, z,),
(X, ¥, 2,) and (x3, y,, 2) is
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X=X Y=y =%
Xy =X Yo=Y 2-%|=0

B=X V3= B4
11.1.25 Vector equation of a plane that contains three non-collinear points having position

vectors g, b, ¢ 18 (r—a).[(b— a)x(c— a)]=0

11.1.26 Equation of a plane that cuts the co-ordinates axes at (a, 0, 0), (0, b, 0) and

X Z
0.0, c¢)is ~+2+2=1
a b c

11.1.27 Vector equation of any plane that passes through the intersection of planes
r.my=d and r.n,=d, is (r.n,—d,)+Mr.n,—d,)=0, where )\is any non-zero
constant.

11.1.28Cartesian equation of any plane that passes through the intersection of two
given planes Ax + By + Cz+ D, =0and Ax+B,y+ Cz+ D,=01is
(Ax+By+Cz+D)+ A (Ax+By+Cz+D,)=0.

11.1.29Two lines r = a1+7‘b1 and r = a, +kb2 are coplanar if (ay—a,) . (b;x by)=0

11.1.30Two lines 2 M =Y~ N _274 g 270 V=)0 275 are coplanar if
a b, G a, b, )

X=X =N L%

a, b, ¢ |=0
b

a, b, (%)

11.1.311In vector form, if 0 is the acute angle between the two planes, r . n, = d, and

Ly

r.n, =d,, then B=cos
- |na|

11.1.32The acute angle 6 between the line r =q + Ab and plane r . n =d is given by
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11.2 Solved Examples

Short Answer (S.A.)

Example 1 If the direction ratios of a line are 1, 1, 2, find the direction cosines
of the line.

Solution The direction cosines are given by

a b c
[= ,m= , n=
Jat+b*+c? «/az +b*+¢? Ja® +b*+c?

Here a, b, c are 1, 1, 2, respectively.

1 1 2
Therefore, = ,m= T —
JIE+12 422 JPP+12+22 12412422

S SRS U SO O IS U3 o

1.e., \/8’ \/8’ \/8 ie. — \/8’\/6’ 3 are D.C’s of the line.
Example 2 Find the direction cosines of the line passing through the points
P(2,3,5)and Q (-1, 2, 4).

Solution The direction cosines of a line passing through the points P (x, y, z,) and
Q (x,, ¥, 2,) are

=X =N L—%

PQ PQ ° PQ

Here PQ=\/(x2 —x1)2 +(y, —)’1)2 +(z, _Zl)2

= \/(—1—2)2+(2—3)2+(4—5)2 = Po+1+1 = Ju

Hence D.C.’s are
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-3 -1 -1 3 1 1
s 5 + T T T
i[m Ji ﬁ]or [m mm)
Example 3 If a line makes an angle of 30°, 60°, 90° with the positive direction of

X, y, z-axes, respectively, then find its direction cosines.

Solution The direction cosines of a line which makes an angle of o, B, Yy with the axes,
are cosa., cosp, cosy

272

J3 1’0)

Therefore, D.C.’s of the line are cos30°, cos60°, cos90° i.e., e (_ 5

Example 4 The x-coordinate of a point on the line joining the points Q (2, 2, 1) and
R (5, 1, -2) is 4. Find its z-coordinate.

Solution Let the point P divide QR in the ratio A : 1, then the co-ordinate of P are

SA+2 A+2 2A+1
A+l T A+ A+l

But x— coordinate of P is 4. Therefore,

SA+2
A+l

4=A=2

—2A+1
Hence, the z-coordinate of P is W =-1

Example 5 Find the distance of the point whose position vector is (2{ + ] — k) from

the plane ,. (7 — 2] +4k)=9

Solution Here a = 2f+}—12, n=f—2}'+4l€ andd =9

(21 +7-F) (27 +4£)-9
So, the required distance is m
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2-2-4-9] 13
BN TR T

x+3 y—4 z+8

Example 6 Find the distance of the point (-2, 4, — 5) from the line

3 5 6

Solution Here P (-2, 4, — 5) is the given point.
Any point Q on the line is given by (3A -3, 5A +4, (6A -8),

PQ = (3A —1) [ +5) j+(6A=3)k .

‘I" (-2,4,-5)

Since PQ L (3f+5f+6k), we have

3BA-1)+5(5A) +6 (6L -3)=0

9A +25A + 36A =21, ie. A = =

+ + =2l,ie. A= 1o ) Q \
1. 15, 12 Fig. 11.1

Thus PQ =10 107 10"

Hence ‘PQ‘:%«/1+225+144: \/%,

Example 7 Find the coordinates of the point where the line through (3, — 4, — 5) and
(2,-3, 1) crosses the plane passing through three points (2, 2, 1), (3,0, 1) and (4, -1, 0)

Solution Equation of plane through three points (2, 2, 1), (3,0, 1) and (4, -1, 0) is
[(r —(2f+2}‘+12)][(f—2j)x(5—}—12)}0

ie. r.2i+j+k)y=7or 2x+y + z-7=0 .. (1)

Equation of line through (3,—4,—5) and (2,-3, 1) is

x=3 y+4 z+5
-1 1 6

. (2)

20/04/2018



THREE DIMENSIONAL GEOMETRY 227

Any point on line (2) is (- A + 3, A —4, 6A —5). This point lies on plane (1). Therefore,
2-A+3)+A-4+(6A-5)-7=0,ie, A=z

Hence the required point is (1, — 2, 7).

Long Answer (L.A.)

Example 8 Find the distance of the point (-1, -5, — 10) from the point of intersection
of the line r=27—j+2k+A(3i+4]+2k) and the plane . (i-j+k)=5.

Solution We have r=21—j4+2k+A@3i+4]j+2k) and r.(i—j+k)=5
Solving these two equations, we get [(25—}'+2l€)+k(3f+4}'+2l€)].(f—}+l€)=5
which gives A = 0.

Therefore, the point of intersection of line and the plane is (2, —1,2) and the other

given point is (- 1, — 5, — 10). Hence the distance between these two points is

\/[2—(—1)]2+ [1+5F +[2—(-10))* ,i.e. 13

Example 9 A plane meets the co-ordinates axis in A, B, C such that the centroid
of the A ABC is the point (a, B, y). Show that the equation of the plane is

x Y Z_,
—+ 5+ =

a B v

Solution Let the equation of the plane be

XY,z _,
a b T
Then the co-ordinate of A, B, C are (a, 0, 0), (0,b,0) and (0, 0, c) respectively. Centroid
of the A ABC is

X+xX,+x, yty,ty, 3+2,t2; a
> ) 1.€ H
"3

3 3 3

b ¢
373

But co-ordinates of the centroid of the A ABC are (a, B, y) (given).
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a b c
Therefore, a:g,B:g,’y:5,i.e.a=30ﬁ,b=3B,c=3’y

Thus, the equation of plane is

LN

o B v

Example 10  Find the angle between the lines whose direction cosines are given by
the equations: 3/ +m + 5n =0 and 6mn — 2nl + 5lm = 0.

Solution Eliminating m from the given two equations, we get

= 22 +3In+1P=0

= mn+Dh)2n+D=0

= eithern=—/lorl=-2n
Now if l=—n, thenm=-2n
and if [=—-2n, thenm =n.

Thus the direction ratios of two lines are proportional to — n, —2n, n and —2n, n, n,
ie. 1,2,-land -2, 1, 1.
So, vectors parallel to these lines are
a=j+2j—f and p =_2i+ j+ j,respectively.
If O is the angle between the lines, then

ap
cos 0 = W

(i+2j—k)~(—2i+j+k) .
T P24 2P P+ T 6

Hence 0 =cos™!
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Example 11 Find the co-ordinates of the foot of perpendicular drawn from the point A
(1, 8, 4) to the line joining the points B (0, -1, 3) and C (2, -3, -1).

Solution Let L be the foot of perpendicular drawn from the points A (1, 8, 4) to the line
passing through B and C as shown in the Fig. 11.2. The equation of line BC by using

formula r = g + A (p — a), the equation of the line BC is
r = (-j+3k)+a(2i-2/-4k)

= xi+yi+zk =24i-(2A+1)i+A(3-44)k
Comparing both sides, we get
x=20y==QA+1),z=3-4A @)
Thus, the co-ordinate of L are 2\, — QA + 1), (3 — 4L),
so that the direction ratios of the line AL are (1 —2X), 8 + QA+ 1), 4 — (3 —4L), i.e.
1-2020+9,1+4A
Since AL is perpendicular to BC, we have,

(1-20)R2-0)+CA+9D(B3+DH+@AL+1)(-1-3)=0

A(1,8,4)
N
B L C
(05 _15 3) (25 _35 _1)
Fig.11.2
N -5
= =—
6

The required point is obtained by substituting the value of A, in (1), which is
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Example 12 Find the image of the point (1, 6, 3) in the line —=—7—=

x_ y-1 z-2
1 3 -

Solution Let P (1, 6, 3) be the given point and let L be the foot of perpendicular from
P to the given line.

P(1,6,3)
/\S

N
v

v

Q
Fig.11.3

The coordinates of a general point on the given line are

x-0 y-1 z-2
1 2 3

=A,ie,x=Ay=2A+1,z=31+2.

If the coordinates of L are (A, 2A + 1, 3\ + 2), then the direction ratios of PL are
A—1,2A-530-1.

But the direction ratios of given line which is perpendicular to PL are 1, 2, 3. Therefore,
A-1)1+@2A-5)2+BA-1)3=0, which gives A = 1. Hence coordinates of L are
(1, 3,5).

LetQ (x,, y,, z,) be the image of P (1, 6, 3) in the given line. Then L is the mid-point

x +1 +6 z,+3
of PQ. Therefore, 12 =1, )’12 =3 12 =5
= x1=1, y1=0, z1=7

Hence, the image of (1, 6, 3) in the given line is (1, 0, 7).
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Example 13 Find the image of the point having position vector j+3 j+ 4k in the

planc 7 - (2i~ j+k)+3=0.

Solution Let the given point be P (i +3] +4k ) and Q be the image of P in the plane

r. (2i—j+k)+3=0 as shown in the Fig. 11.4.

Q
Fig.11.4

Then PQ is the normal to the plane. Since PQ passes through P and is normal to the
given plane, so the equation of PQ is given by

r=(i+3j+4k)+ A(2i - j+k)
Since Q lies on the line PQ, the position vector of Q can be expressed as
(i+3j+4k)+ A(2i - j+k) ie. (1+22)i+ (3-2) j+(4+A)k
Since R is the mid point of PQ, the position vector of R is

[(1+2k)i+ (3—%)j+(4+l)k]+[i+3j+ 4k]
2
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1.e., (7\'+1)i+[3—%J]’+[4+%Jk

Again, since R lies on the plane 7 - (2i —j+k)+3=0, we have

{(k+1)i+[3—%)i +[4+%)k} S(2i—J +k)+3=0

= A=-2

Hence, the position vector of Q is (i +3j+4k) -2 (2i -j+ k), ie. —3i+5] +2k -

Objective Type Questions

Choose the correct answer from the given four options in each of the Examples
14 to 19.

Example 14 The coordinates of the foot of the perpendicular drawn from the point
(2,5, 7) on the x-axis are given by

(A) (2,0,0) B) (0,5,0) ©) (0,0,7 (D) (0,5,7)
Solution (A) is the correct answer.

Example 15 P is a point on the line segment joining the points (3, 2, —1) and
(6, 2, -2). If x co-ordinate of P is 5, then its y co-ordinate is

(A) 2 B) 1 © -1 (D) -2
Solution (A) is the correct answer. Let P divides the line segment in the ratio of A : 1,
61+3 61 +3

x - coordinate of the point P may be expressed as X = Tl giving Atl =9 so that

. o 2A+2 )
A = 2. Thus y-coordinate of P is A+l

Example 16 If a, B, y are the angles that a line makes with the positive direction of x,
v, Z axis, respectively, then the direction cosines of the line are.

(A) sina,sinf,siny (B) cos o, cos B, cos Y

©) tan a, tan f3, tan y (D)  cos? a, cos? B, cos? y
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Solution (B) is the correct answer.

Example 17 The distance of a point P (a, b, ¢) from x-axis is
(A) Ja* +c* (B) /a’ +b’

() \Jb*+¢* (D) b? + ¢2

Solution (C) is the correct answer. The required distance is the distance of P (a, b, ¢)

from Q (a, o0, 0), which is /b* +¢? .

Example 18 The equations of x-axis in space are
A)x=0,y=0 B) x=0,z=0 < x=0 D) y=0,z=0

Solution (D) is the correct answer. On x-axis the y- co-ordinate and z- co-ordinates
are zero.

Example 19 A line makes equal angles with co-ordinate axis. Direction cosines of this
line are

A =0, LD (B)

I+
|-
w‘,_‘
w‘,_‘
~

n 1 11 + 1 -1 -1
C —| T T D - T T s T
© 333 D) BB B
Solution (B) is the correct answer. Let the line makes angle o with each of the axis.

Then, its direction cosines are cos O, cos 0, COS O.

. 1
Since cos® o + cos® o + cos? o = 1. Therefore, cos o0 = +—

3

Fill in the blanks in each of the Examples from 20 to 22.

73 T
Example 20 If a line makes angles E,Zﬂ and Z with x, y, z axis, respectively, then

its direction cosines are
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Solution The direct; . z 27[ z . +O_LL
Solution The direction cosines are cos—, cos 7 7, cos 7, L.e., NoINZRE

Example 21 If a line makes angles o, 3, y with the positive directions of the coordinate
axes, then the value of sin’*o + sin? B + sin®y is

Solution Note that
sin® a0 + sin®* B + sin* Y = (1 — cos’a) + (1 — cos’B) + (1 — cos?y)
= 3 — (cos’a + cos*P + cos?y) = 2.

T
Example 22 If a line makes an angle of 7 with each of y and z axis, then the angle

which it makes with x-axis is
. . . . 2 T 2 T
Solution Let it makes angle o with x-axis. Then cos’ot + COS Z+ cos i 1

T

which after simplification gives o= 5

State whether the following statements are True or False in Examples 23 and 24.
Example 23 The points (1, 2, 3), (-2, 3,4) and (7, 0, 1) are collinear.

Solution Let A, B, C be the points (1, 2, 3), (-2, 3, 4) and (7, 0, 1), respectively.
Then, the direction ratios of each of the lines AB and BC are proportional to —3, 1, 1.
Therefore, the statement is true.

Example 24 The vector equation of the line passing through the points (3,5,4) and
(5,8,11)is

F=31+5]+4k + 20 +3]+7k)

Solution The position vector of the points (3,5,4) and (5,8,11) are
A=31+5j+4k,b=5{+8]+1lk.

and therefore, the required equation of the line is given by

F=30+5]+4k+ A2 +3]+7k)
Hence, the statement is true.
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11.3 EXERCISE
Short Answer (S.A.)

1.

10.

Find the position vector of a point A in space such that g is inclined at 60° to
OX and at 45° to OY and ‘OA‘ = 10 units.

Find the vector equation of the line which is parallel to the vector 3 — 2}‘ +6k

and which passes through the point (1,-2,3).

Show that the lines

x—=1_ y-2 z-3
2 3 4

g ATl ersect
an 5 2 mtersect.

Also, find their point of intersection.

Find the angle between the lines

F=3—2]+6k+A20 + j+2k)and F=(2]—5k)+ u(6i +3] +2k)

Prove that the line through A (0, -1, —1) and B (4, 5, 1) intersects the line
through C (3,9,4) and D (-4, 4, 4).

Prove that the lines x =py + ¢, z=ry+sand x=py+ ¢, z=ry + s are
perpendicular if pp” + rr' + 1 = 0.

Find the equation of a plane which bisects perpendicularly the line joining the
points A (2, 3, 4) and B (4, 5, 8) at right angles.

Find the equation of a plane which is at a distance 3 \/3 units from origin and
the normal to which is equally inclined to coordinate axis.

If the line drawn from the point (-2, — 1, — 3) meets a plane at right angle at the
point (1, — 3, 3), find the equation of the plane.

Find the equation of the plane through the points (2, 1, 0), (3, -2, —2) and
3, 1,7.
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11. Find the equations of the two lines through the origin which intersect the line
x=3 y-3 z
) :yT:T at angles of 3 each.
12. Find the angle between the lines whose direction cosines are given by the

equations [+ m+n=0,*+m*-—n*>=0.

13. If a variable line in two adjacent positions has direction cosines [, m, n and
[+ Ol, m + dm, n + dn, show that the small angle 80 between the two positions
is given by

002 = 82 + Om? + on?

14. O is the origin and A is (a, b, ¢).Find the direction cosines of the line OA and
the equation of plane through A at right angle to OA.

15. Two systems of rectangular axis have the same origin. If a plane cuts them at
distances a, b, ¢ and a’, b’, ¢/, respectively, from the origin, prove that

Long Answer (L.A.)
16. Find the foot of perpendicular from the point (2,3,-8) to the line

4-x 1-z
> = % = 3 Also, find the perpendicular distance from the given point
to the line.

17. Find the distance of a point (2,4,—1) from the line

x+5 y+3 z-6
1 4 -9

3
18. Find the length and the foot of perpendicular from the point [1,5,2J to the

plane 2x -2y + 4z + 5=0.

19. Find the equations of the line passing through the point (3,0,1) and parallel to
the planes x + 2y = 0 and 3y — z = 0.
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21.

22.

23.

24.

25.

26.

27.

28.
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Find the equation of the plane through the points (2,1,-1) and (-1,3,4), and
perpendicular to the plane x — 2y + 4z = 10.

Find the shortest distance between the lines given by r=(8+3Ai — (9+161) j+
(10+7Mkand r=15{+29 j+5k+1(3i +8]—5k) -

Find the equation of the plane which is perpendicular to the plane
5x + 3y + 6z + 8 = 0 and which contains the line of intersection of the planes
x+2y+3z-4=0and2x+y—-z+5=0.

The plane ax + by = 0 is rotated about its line of intersection with the plane
z = 0 through an angle a. Prove that the equation of the plane in its new

position is ax + by +(yJa* +b* tana) z = 0.

Find the equation of the plane through the intersection of the planes
ro. (0 + 3}') —6=0and , .3 - }'— 41 ) = 0, whose perpendicular
distance from origin is unity.

Show that the points (7 —}+3I€) and 3(/ + j‘+l€) are equidistant from the plane

r.(5i+ 2}—7l€)+ 9=0 and lies on opposite side of it.

AB=3{ - j+k and CD=—23{ +2 ] +4k are two vectors. The position vectors

of the points A and C are 6; +7}+4l€ and -9+ 2k , respectively. Find the
position vector of a point P on the line AB and a point Q on the line CD such
that PQ is perpendicular to Ag and cp both.

Show that the straight lines whose direction cosines are given by
21+ 2m — n =0 and mn + nl + Im = 0 are at right angles.

Itl,m,n;Ll,m,n; L, m, n, are the direction cosines of three mutually
perpendicular lines, prove that the line whose direction cosines are proportional
tol +1,+1,m +m,+m,n +n,+n, makes equal angles with them.

Objective Type Questions

Choose the correct answer from the given four options in each of the Exercises from
29 to 36.

29.

Distance of the point (a.,f,y) from y-axis is
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30.

31.

32.

33.

34.

35.

36.

MATHEMATICS

(A) B (B) |B| © B+ ©) Ja?++?

If the directions cosines of a line are k&, k, then

1
"%

ol

(A) k>0 (B) 0<k<1 (©) k=1 (D) k=

- 2 ~ 3 ~ 6 ~
The distance of the plane 7 - 71 +7 _7k =1 from the origin is

A1 B)7 © % (D) None of these

x=2 y=3 z-4

The sine of the angle between the straight line and the

3 4 5
plane 2x —2y + z=51is
10 4 23 V2
(A) 645 (B) 52 ©) 5 (D) 10

The reflection of the point (a.,p,y) in the xy— plane is

(A) (@.B.0)  (B)(0,0,y) © o—By D) (B~

The area of the quadrilateral ABCD, where A(0,4,1), B (2, 3,-1), C(4, 5, 0)
and D (2, 6, 2), is equal to

(A) 9 sq. units  (B) 18 sq. units (C) 27 sq. units (D) 81 sq. units

The locus represented by xy + yz =0 is

(A) A pair of perpendicular lines (B) A pair of parallel lines

(C) A pair of parallel planes (D) A pair of perpendicular planes

The plane 2x — 3y + 6z — 11 = 0 makes an angle sin"'(ct) with x-axis. The value
of avis equal to

B 7

A B 02 D)2
WS BT ©F ©) -
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Fill in the blanks in each of the Exercises 37 to 41.
37. A plane passes through the points (2,0,0) (0,3,0) and (0,0,4). The equation of

plane is
38. The direction cosines of the vector (27 +2]— k) are
. . x=5 y+4 z-6
39. The vector equation of the line = = 18

3 7 2
40. The vector equation of the line through the points (3,4,-7) and (1,-1,6) is

41. The cartesian equation of the plane 7./ + ] — ky=2 is

State True or False for the statements in each of the Exercises 42 to 49.

42. The unit vector normal to the plane x + 2y +3z — 6 = 0 is
Loy 25,3
NN TEAN T
43. The intercepts made by the plane 2x — 3y + 5z +4 = 0 on the co-ordinate axis
4 4

are -2, 5,—5.

44. The angle between the line r=(5/ - ] _412) + A2 -+ 12) and the plane

5
2 4 7 : in”! ——
r.3i-4j-k)+5=01s sin 2@ .

45. The angle between the planes r,(2f_3}‘+]€)=1 and ;,(f_}')=4 is

46. The line r = 25_3}‘_]€+,1(f_}‘+212) lies in the plane r,(3f+}‘_]2)+2=0.

x-5 y+4 z-6
3 7 2 B

47. The vector equation of the line
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r=5—4j+6k+AGi +7]+2k).

48.  Theequation of aline, which is parallel to 2§ + j + 3k and which passes through

x-5 y+2 z-4
2 -1 3

the point (5,-2,4), is

49. If the foot of perpendicular drawn from the origin to a plane is (5, — 3, — 2),
then the equation of plane is r.(5; — 3}‘—2]2) =38.

S O L ——
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Chapter 12

(! :INEAR PROGRAMMING)

12.1 Overview

12.1.1 An Optimisation Problem A problem which seeks to maximise or minimise a
function is called an optimisation problem. An optimisation problem may
involve maximisation of profit, production etc or minimisation of cost, from available
resources etc.

12.1.2 A Linnear Programming Problem (LPP)

A linear programming problem deals with the optimisation (maximisation/
minimisation) of a linear function of two variables (say x and y) known as objective
function subject to the conditions that the variables are non-negative and satisfy a set
of linear inequalities (called linear constraints). A linear programming problem is a
special type of optimisation problem.

12.1.3 Objective Function Linear function Z = ax + by, where a and b are constants,
which has to be maximised or minimised is called a linear objective function.

12.1.4 Decision Variables In the objective function Z = ax + by, x and y are called
decision variables.

12.1.5 Constraints The linear inequalities or restrictions on the variables of an LPP
are called constraints. The conditions x 2 0, y 20 are called non-negative constraints.

12.1.6 Feasible Region The common region determined by all the constraints including
non-negative constraints x =0, y 20 of an LPP is called the feasible region for the
problem.

12.1.7 Feasible Solutions Points within and on the boundary of the feasible region
for an LPP represent feasible solutions.

12.1.8 Infeasible Solutions Any Point outside feasible region is called an infeasible
solution.

12.1.9 Optimal (feasible) Solution Any point in the feasible region that gives the
optimal value (maximum or minimum) of the objective function is called an optimal
solution.

Following theorems are fundamental in solving LPPs.
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12.1.10 Theorem 1 Let R be the feasible region (convex polygon) for an LPP and let
Z = ax + by be the objective function. When Z has an optimal value (maximum or
minimum), where x and y are subject to constraints described by linear inequalities,
this optimal value must occur at a corner point (vertex) of the feasible region.

Theorem 2 Let R be the feasible region for a LPP and let Z = ax + by be the objective
function. If R is bounded, then the objective function Z has both a maximum and a
minimum value on R and each of these occur at a corner point of R.

If the feasible region R is unbounded, then a maximum or a minimum value
of the objective function may or may not exist. However, if it exits, it must occur at a
corner point of R.
12.1.11 Corner point method for solving a LPP
The method comprises of the following steps :

(1) Find the feasible region of the LPP and determine its corner points (vertices)
either by inspection or by solving the two equations of the lines intersecting at
that point.

(2) Evaluate the objective function Z = ax + by at each corner point.
Let M and m, respectively denote the largest and the smallest values of Z.
(3) (i) When the feasible region is bounded, M and m are, respectively, the
maximum and minimum values of Z.
(i1) In case, the feasible region is unbounded.

(a) M is the maximum value of Z, if the open half plane determined by
ax + by >M has no point in common with the feasible region. Otherwise, Z has
no maximum value.

(b) Similarly, m is the minimum of Z, if the open half plane determined by
ax + by < m has no point in common with the feasible region. Otherwise, Z has
no minimum value.

12.1.12 Multiple optimal points If two corner points of the feasible region are optimal
solutions of the same type, i.e., both produce the same maximum or minimum, then
any point on the line segment joining these two points is also an optimal solution of
the same type.

12.2 Solved Examples
Short Answer (S.A.)

Example 1 Determine the maximum value of Z = 4x + 3y if the feasible region for an
LPP is shown in Fig. 12.1.
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Solution The feasible region is bounded. Therefore, maximum of Z must occur at the
corner point of the feasible region (Fig. 12.1).

Corner Point Value of Z
0O, (0,0) 40)+30)=0
A (25,0) 4 (25)+3 (0) =100
B (16, 16) 4 (16) +3 (16) =112 ¥ (Maximum)
C(0,24) 40)+3Q24)=72
Hence, the maximum value of Z is 112.
Y
(0, 40) N
Y
©.29c B (16, 16)
o) /\‘ N X
AT25, 0) (48,0)

Fig12.1  Fig 12.1

Example 2 Determine the minimum value of Z = 3x + 2y (if any), if the feasible
region for an LPP is shown in Fig.12.2.

Solution The feasible region (R) is unbounded. Therefore minimum of Z may or may
not exist. If it exists, it will be at the corner point (Fig.12.2).

Corner Point Value of Z

A, (12,0) 3(12)+2(0)=36

B 4,2) 3@ +212)=16

C(,5) 3(1)+2(5) =13 |« (smallest)
D (0, 10) 30)+2(10)=20

20/04/2018



244 MATHEMATICS

D (0, 10) 1

C(1,5

X

A(12,0)
Fig. 12.2

Let us graph 3x + 2y < 13. We see that the open half plane determined by 3x + 2y < 13
and R do not have a common point. So, the smallest value 13 is the minimum value
of Z.

Example 3 Solve the following LPP graphically:

Maximise Z = 2x + 3y,

subjecttox+y<4,x20,y=0
Solution The shaded region (OAB) in the Fig. 12.3 is the feasible region determined
by the system of constraints x 20,y 20 and x + y < 4.

The feasible region OAB is bounded, so, maximum value will occur at a corner point
of the feasible region.

Corner Points are O(0, 0), A (4, 0) and B (0, 4).
Evaluate Z at each of these corner point.

Corner Point Value of Z
0, (0, 0) 20)+30)=0
A 4,0) 2@ +3(0)=8
B (0, 4) 20)+34)=12 |« Maximum
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‘X_ B (0, 4)

3_
2_
1_

A(4,0)

N X
Ol 1 2 3 4\\

r +
.J}§4

Fig. 12.3

Hence, the maximum value of Z is 12 at the point (0, 4)

Example 4 A manufacturing company makes two types of television sets; one is
black and white and the other is colour. The company has resources to make at most
300 sets a week. It takes Rs 1800 to make a black and white set and Rs 2700 to make
a coloured set. The company can spend not more than Rs 648000 a week to make
television sets. If it makes a profit of Rs 510 per black and white set and Rs 675 per
coloured set, how many sets of each type should be produced so that the company has
maximum profit? Formulate this problem as a LPP given that the objective is to
maximise the profit.

Solution Let x and y denote, respectively, the number of black and white sets and
coloured sets made each week. Thus

x20,y20
Since the company can make at most 300 sets a week, therefore,
x+y <300
Weekly cost (in Rs) of manufacturing the set is
1800x + 2700y
and the company can spend upto Rs. 648000. Therefore,

1800x + 2700y < 648000, i.e., or 2x + 3y < 720

The total profit on x black and white sets and y colour sets is Rs (510x + 675y). Let
7 =510x + 675y . This is the objective function.
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Thus, the mathematical formulation of the problem is

Maximise Z =510x + 675y
subject to the constraints : x+y <300
2x+3y <720
x20,y20

8
N

(0, 240)

B (180, 120)

\ 2x + 3y =720
o A ™~ X
(300,0)
Fig. 12.4
Long Answer (L.A.)
Example 5 Refer to Example 4. Solve the LPP.
Solution The problem is :
Maximise Z = 510x + 675y

subject to the constraints : x+y <300

2x+3y <720

x20,y20

The feasible region OABC is shown in the Fig. 12.4.

Since the feasible region is bounded, therefore maximum of Z must occur at the corner
point of OBC.
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Corner Point Value of Z

0 (0,0) 510 (0)+675(0)=0
A (300, 0) 510 (300) + 675 (0) = 153000
B (180, 120) [ 510 (180) + 675 (120) = 172800
C (0, 240) 510 (0) + 675 (240) = 162000

LINEAR PROGRAMMING 247

< Maximum

Thus, maximum Z is 172800 at the point (180, 120), i.e., the company should produce

180 black and white television sets and 120 coloured television sets to get maximum

profit.

Example 6 Minimise Z = 3x + 5y subject to the constraints :

x+2y=10
x+y= 6
3x+ y=8
x,y=20

Solution We first draw the graphs of x + 2y = 10, x + y = 6, 3x + y = 8. The shaded
region ABCD is the feasible region (R) determined by the above constraints. The
feasible region is unbounded. Therefore, minimum of Z may or may not occur. If it
occurs, it will be on the corner point.

Corner Point Value of Z
A (0, 8) 40
B(L,5) 28
C(2,4) 26
D (10, 0) 30

< smallest
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Fig. 12.5
Let us draw the graph of 3x + 5y < 26 as shown in Fig. 12.5 by dotted line.

We see that the open half plane determined by 3x + 5y < 26 and R do not have a point
in common. Thus, 26 is the minimum value of Z.

Objective Type Questions
Choose the correct answer from the given four options in each of the Examples 7 to 8.
Example 7 The corner points of the feasible region determined by the system of
linear constraints are (0, 10), (5, 5), (15, 15), (0, 20).Let Z = px + qy, where p, g > 0.
Condition on p and g so that the maximum of Z occurs at both the points (15, 15) and
(0, 20) is

A) p=¢q B) p=2q © q=2p D) g=3p
Solution The correct answer is (D). Since Z occurs maximum at (15, 15) and (0, 20),
therefore, 15p + 15¢ =0.p + 20g = g = 3p.
Example 8 Feasible region (shaded) for a LPP is shown in
the Fig. 14.6. Minimum of Z = 4x + 3y occurs at the point

(A) (0,8) B) (2.5)
© 4.3) D) 9.0
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/.

Fig. 12.6

Solution The correct answer is (B).
Fill in the blanks in each of the Examples 9 and 10:

Example 9 In a LPP, the linear function which has to be maximised or minimised is
called a linear function.

Solution Objective.

Example 10 The common region determined by all the linear constraints of a LPP is
called the region.

Solution Feasible.

State whether the statements in Examples 11 and 12 are True or False.

Example 11 If the feasible region for a linear programming problem is bounded, then
the objective function Z = ax + by has both a maximum and a minimum value on R.

Solution True

Example 12 The minimum value of the objective function Z = ax + by in a linear
programming problem always occurs at only one corner point of the feasible region.
Solution False

The minimum value can also occur at more than one corner points of the feasible
region.
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12.3 EXERCISE

Short Answer (S.A.)

1.  Determine the maximum value of Z = 11x + 7y subject to the constraints :
2x+y<6,x<2,x20,y=20.

2. Maximise Z = 3x + 4y, subject to the constraints: x+y < 1,x20,y20.

3.  Maximise the function Z = 11x + 7y, subject to the constraints: x < 3, y < 2,
x=20,y20.

4.  Minimise Z = 13x — 15y subject to the constraints : x + y< 7, 2x -3y + 6 2
0,x=0,y=0.

5. Determine the maximum value of Z = 3x + 4y if the feasible region (shaded)
for a LPP is shown in Fig.12.7.

Fig 12.7 N,
07

6.  Feasible region (shaded) for a LPP is shown in Fig. 12.8.

Maximise Z = 5x + 7y.

B@3,4)

0,2

o A(7,0)

Fig. 12.8
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7. The feasible region for a LPP is shown in Fig. 12.9. Find the minimum value of
Z=11x+T7y.
Y

> X

'N,
33

\
(0)

>

VA
/

Fig. 129 <

8. Refer to Exercise 7 above. Find the maximum value of Z.

9. The feasible region for a LPP is shown in Fig. 12.10. Evaluate Z = 4x + y at
each of the corner points of this region. Find the minimum value of Z, if it
exists.

—

\_}
%

2N
q
+X
28
Fig. 12.10 K
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10.

11.

12.

13.

In Fig. 12.11, the feasible region (shaded) for a LPP is shown. Determine the
maximum and minimum value of Z = x + 2y

N

|
W

A
Slw
V
Nl

/

A manufacturer of electronic circuits has a stock of 200 resistors, 120 transistors
and 150 capacitors and is required to produce two types of circuits A and B.
Type A requires 20 resistors, 10 transistors and 10 capacitors. Type B requires
10 resistors, 20 transistors and 30 capacitors. If the profit on type A circuit is
Rs 50 and that on type B circuit is Rs 60, formulate this problem as a LPP so
that the manufacturer can maximise his profit.

e

Fig. 12.11

A firm has to transport 1200 packages using large vans which can carry 200
packages each and small vans which can take 80 packages each. The cost for
engaging each large van is Rs 400 and each small van is Rs 200. Not more
than Rs 3000 is to be spent on the job and the number of large vans can not
exceed the number of small vans. Formulate this problem as a LPP given that
the objective is to minimise cost.

A company manufactures two types of screws A and B. All the screws have to
pass through a threading machine and a slotting machine. A box of Type A
screws requires 2 minutes on the threading machine and 3 minutes on the
slotting machine. A box of type B screws requires 8 minutes of threading on
the threading machine and 2 minutes on the slotting machine. In a week, each
machine is available for 60 hours.
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On selling these screws, the company gets a profit of Rs 100 per box on type
A screws and Rs 170 per box on type B screws.

Formulate this problem as a LPP given that the objective is to maximise profit.

A company manufactures two types of sweaters : type A and type B. It costs
Rs 360 to make a type A sweater and Rs 120 to make a type B sweater. The
company can make at most 300 sweaters and spend at most Rs 72000 a day.
The number of sweaters of type B cannot exceed the number of sweaters of
type A by more than 100. The company makes a profit of Rs 200 for each
sweater of type A and Rs 120 for every sweater of type B.

Formulate this problem as a LPP to maximise the profit to the company.

A man rides his motorcycle at the speed of 50 km/hour. He has to spend Rs 2
per km on petrol. If he rides it at a faster speed of 80 km/hour, the petrol cost
increases to Rs 3 per km. He has atmost Rs 120 to spend on petrol and one
hour’s time. He wishes to find the maximum distance that he can travel.

Express this problem as a linear programming problem.

Long Answer (L.A.)

16.

17.

18.

19.

20.
21.
22,

Refer to Exercise 11. How many of circuits of Type A and of Type B, should
be produced by the manufacturer so as to maximise his profit? Determine the
maximum profit.

Refer to Exercise 12. What will be the minimum cost?

Refer to Exercise 13. Solve the linear programming problem and determine
the maximum profit to the manufacturer.

Refer to Exercise 14. How many sweaters of each type should the company
make in a day to get a maximum profit? What is the maximum profit.

Refer to Exercise 15. Determine the maximum distance that the man can travel.
Maximise Z = x + y subject tox + 4y < 8, 2x + 3y <12, 3x+y<9,x 20,y = 0.

A manufacturer produces two Models of bikes - Model X and Model Y. Model
X takes a 6 man-hours to make per unit, while Model Y takes 10 man-hours
per unit. There is a total of 450 man-hour available per week. Handling and
Marketing costs are Rs 2000 and Rs 1000 per unit for Models X and Y
respectively. The total funds available for these purposes are Rs 80,000 per
week. Profits per unit for Models X and Y are Rs 1000 and Rs 500, respectively.

How many bikes of each model should the manufacturer produce so as to
yield a maximum profit? Find the maximum profit.
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23.

24.

25.

In order to supplement daily diet, a person wishes to take some X and some
wishes Y tablets. The contents of iron, calcium and vitamins in X and Y (in
milligrams per tablet) are given as below:

Tablets Iron | Calcium | Vitamin
X 6 3 2
Y 2 3 4

The person needs at least 18 milligrams of iron, 21 milligrams of calcium and
16 milligram of vitamins. The price of each tablet of X and Y is Rs 2 and
Re 1 respectively. How many tablets of each should the person take inorder to
satisfy the above requirement at the minimum cost?

A company makes 3 model of calculators: A, B and C at factory I and factory
II. The company has orders for at least 6400 calculators of model A, 4000
calculator of model B and 4800 calculator of model C. At factory I, 50
calculators of model A, 50 of model B and 30 of model C are made every day;
at factory II, 40 calculators of model A, 20 of model B and 40 of model C are
made everyday. It costs Rs 12000 and Rs 15000 each day to operate factory I
and II, respectively. Find the number of days each factory should operate to
minimise the operating costs and still meet the demand.

Maximise and Minimise Z = 3x — 4y
subject to x=2y<0
-3x+y<4
x-y <6
x,y=20

Objective Type Questions

Choose the correct answer from the given four options in each of the Exercises 26 to 34.

26.

The corner points of the feasible region determined by the system of linear
constraints are (0, 0), (0, 40), (20, 40), (60, 20), (60, 0). The objective function

is Z = 4x + 3y.

Compare the quantity in Column A and Column B
Column A Column B
Maximum of Z 325

(A) The quantity in column A is greater

(B) The quantity in column B is greater
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(C) The two quantities are equal
(D) The relationship can not be determined on the basis of the information
supplied

27. The feasible solution for a LPP is shown in Fig. 12.12. Let Z = 3x — 4y be the

Y
(4,10)
/

©.8) ©9

6,5

(0,0) (5,0)
Fig. 12.12
objective function. Minimum of Z occurs at
(A) (0,0 (B) (0, 8) © 6.0 (D) (4, 10)
28. Refer to Exercise 27. Maximum of Z occurs at

(A) (5,0 (B) (6. 5) (©) (6. 8) (D) (4, 10)

29. Refer to Exercise 27. (Maximum value of Z + Minimum value of Z) is
equal to
(A) 13 B)1 (©)-13 (D) -17

30. The feasible region for an LPP is shown in the Fig. 12.13. Let F = 3x — 4y be
the objective function. Maximum value of F is.
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31.

32.

33.

34.

<_/
(12, 6)

©,49

6,0
Fig. 12.13

(A)O B) 8 ©) 12 (D) -18

Refer to Exercise 30. Minimum value of F is
A0 (B)-16 ) 12 (D) does not exist

Corner points of the feasible region for an LPP are (0, 2), (3, 0), (6, 0), (6, 8)
and (0, 5).

Let F = 4x + 6y be the objective function.
The Minimum value of F occurs at
(A) (0, 2) only
(B) (3, 0) only
(C) the mid point of the line sgment joining the points (0, 2) and (3, 0) only
(D) any point on the line segment joining the points (0, 2) and (3, 0).
Refer to Exercise 32, Maximum of F — Minimum of F =
(A) 60 (B) 48 (C)42 (D) 18

Corner points of the feasible region determined by the system of linear
constraints are (0, 3), (1, 1) and (3, 0). Let Z = px+qy, where p, g > 0. Condition
on p and ¢ so that the minimum of Z occurs at (3, 0) and (1, 1) is

Wp=2  ®p=3;  ©Op=3 Op=q
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Fill in the blanks in each of the Exercises 35 to 41.

35.

36.
37.

38.

39.

40.

41.

In a LPP, the linear inequalities or restrictions on the variables are called

In a LPP, the objective function is always

If the feasible region for a LPP is , then the optimal value of the
objective function Z = ax + by may or may not exist.

In a LPP if the objective function Z = ax + by has the same maximum value on
two corner points of the feasible region, then every point on the line segment
joining these two points give the same value.

A feasible region of a system of linear inequalities is said to be if it
can be enclosed within a circle.

A corner point of a feasible region is a point in the region which is the
of two boundary lines.

The feasible region for an LPP is always a polygon.

State whether the statements in Exercises 42 to 45 are True or False.

42.

43.

44.

45.

If the feasible region for a LPP is unbounded, maximum or minimum of the
objective function Z = ax + by may or may not exist.

Maximum value of the objective function Z = ax + by in a LPP always occurs at
only one corner point of the feasible region.

In a LPP, the minimum value of the objective function Z = ax + by is always 0
if origin is one of the corner point of the feasible region.

In a LPP, the maximum value of the objective function Z = ax + by is always
finite.

e O L ——
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( PROBABILITY )

13.1 Overview

13.1.1 Conditional Probability

If E and F are two events associated with the same sample space of a random
experiment, then the conditional probability of the event E under the condition that the
event F has occurred, written as P (E | F), is given by

P(EIF)=%, P(F)#0

13.1.2 Properties of Conditional Probability

Let E and F be events associated with the sample space S of an experiment. Then:
OPESIFH=PEFIF=1
()P[(A U B)IF]=PAIF)+PBIF)-P[(AnBIF)],
where A and B are any two events associated with S.

(ii)P(E'IF)=1-P(EIF)
13.1.3 Multiplication Theorem on Probability
Let E and F be two events associated with a sample space of an experiment. Then

PENF)=PE)PFIE),PE)#0

=PFE)PEIF),PF) +#0
If E, F and G are three events associated with a sample space, then

P(ENFNG)=P[E)PFIE)P(GIENF)
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13.1.4 Independent Events

Let E and F be two events associated with a sample space S. If the probability of
occurrence of one of them is not affected by the occurrence of the other, then we say
that the two events are independent. Thus, two events E and F will be independent, if

(a) P(FIE)=P (F), provided P (E) #0
(b) P (EIF)=P (E), provided P (F) #0
Using the multiplication theorem on probability, we have
(c) PENF) =P ()P F)
Three events A, B and C are said to be mutually independent if all the following
conditions hold:
P(AnB)=P(A)P(B)
PAANC)=PA)P(O)
PBNC)=P(@B)P(C)
and PAANBNC)=PA)P(B)P(C)

13.1.5 Partition of a Sample Space

AsetofeventsE, E,....., E is said to represent a partition of a sample space S if
(a) EimEj=¢,i;tj;i,j=l,2,3, ...... ,n
(b) EUEuU..UE =S8, and
(©) EachE #¢,i.¢,P(E)>0foralli=1,2,..,n

13.1.6 Theorem of Total Probability

Let {E, E, ..., E } be a partition of the sample space S. Let A be any event associated
with S, then

P(A) = iP(Ej)P(AIEj)
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13.1.7 Bayes’ Theorem

IfE,E,..., E are mutually exclusive and exhaustive events associated with a sample
space, and A is any event of non zero probability, then

P(E,)P(A|E)

Y P(E)P(AIE,)

P(E, |A) =

13.1.8 Random Variable and its Probability Distribution

A random variable is a real valued function whose domain is the sample space of a
random experiment.

The probability distribution of a random variable X is the system of numbers

X : X, x| X,

P(X): P, pf - p,

where p. >0, i=1,2,...,n, Zpi =1
=1

13.1.9 Mean and Variance of a Random Variable

Let X be a random variable assuming values x,, x,,...., x, with probabilities

P> Py - P, TESPectively such that p, 2 0, Z p;, = 1. Mean of X, denoted by u [or

i=1

expected value of X denoted by E (X)] is defined as

n=E0=Y xp,

i=1

and variance, denoted by 62, is defined as

n n

o = (x; _lu)z b = xi2 pi—H
, .

i=
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or equivalently
6’ =E X - p)?

Standard deviation of the random variable X is defined as

o = 4Jvariance (X) = (x, — )" p,

i=1
13.1.10 Bernoulli Trials

Trials of a random experiment are called Bernoulli trials, if they satisfy the following
conditions:

(1) There should be a finite number of trials
(i1) The trials should be independent
(iii) Each trial has exactly two outcomes: success or failure

@iv) The probability of success (or failure) remains the same in each trial.

13.1.11 Binomial Distribution

A random variable X taking values 0, 1, 2, ..., n is said to have a binomial distribution
with parameters n and p, if its probability distibution is given by

PX=r)="cp ¢,
whereg=1-pandr=0,1,2, .., n
13.2 Solved Examples
Short Answer (S. A.)

Example 1 Aand B are two candidates seeking admission in a college. The probability
that A is selected is 0.7 and the probability that exactly one of them is selected is 0.6.
Find the probability that B is selected.

Solution Let p be the probability that B gets selected.
P (Exactly one of A, B is selected) = 0.6 (given)
P (A s selected, B is not selected; B is selected, A is not selected) = 0.6
P (AnB") + P (A'mB) = 0.6

20/04/2018



262 MATHEMATICS

P(A)PB)+PA)PB)=0.6
0.7)(1-p)+(©03)p=0.6
p =0.25

Thus the probability that B gets selected is 0.25.

Example 2 The probability of simultaneous occurrence of at least one of two events
A and B is p. If the probability that exactly one of A, B occurs is ¢, then prove that
PA)+P(B)=2-2p+gq.

Solution Since P (exactly one of A, B occurs) = g (given), we get
P(AUB)-P(ANB) =¢

p-P(ANB) = ¢

P(AMB)=p g

1-PA'UB)=p—-gq

PAUB)=1-p+gq
PA)+PB)-PAMB)=1-p+gq

T T TR

PAY)+PB)=0-p+q)+P(A"NnB)
=(l-p+¢9+d-P(AUB))
=(l-p+g@+{1-p)
=2-2p+aq.

Example 3 10% of the bulbs produced in a factory are of red colour and 2% are red
and defective. If one bulb is picked up at random, determine the probability of its being
defective if it is red.

Solution Let A and B be the events that the bulb is red and defective, respectively.

Pa=2 -1
100 10°

P(ANB)= — = L
100 ~ 50
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PANB) _ 1 10_1

PBIA)=

P(A) 50 1 5

1

Thus the probability of the picked up bulb of its being defective, if it is red, is g

Example 4 Two dice are thrown together. Let A be the event ‘getting 6 on the first
die’ and B be the event ‘getting 2 on the second die’. Are the events A and B
independent?

Solution: A= {(6, 1), (6, 2), (6, 3), (6,4), (6,5), (6,6)}
B={(1,2),(2,2),3,2),(4,2).(5,2),(6,2)}

ANB=((6,2)

6 1 1 1
P(A)=—=— P(B)=-— P(ANB)=—
(&) 36 6° (B) 6° (ANE) 36

Events A and B will be independent if
P(AnB)=P(A)PB)

ie., LHS:P(AmB):i, RHS = P(A)P(B):lxl L
36 6 6 36

Hence, A and B are independent.

Example 5 A committee of 4 students is selected at random from a group consisting 8
boys and 4 girls. Given that there is at least one girl on the committee, calculate the
probability that there are exactly 2 girls on the committee.

Solution Let A denote the event that at least one girl will be chosen, and B the event
that exactly 2 girls will be chosen. We require P (B | A).

SinceA denotes the event that at least one girl will be chosen, A” denotes that no girl
is chosen, i.e., 4 boys are chosen. Then

"C, _70 14

P(A)= = =
(&) C, 495 99
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14
P(A) 1-— g
99 99
'c,.'C,
Now P(AmB):P(2boysand2girls)=T
4
_6x28 56
495 165

P(AmB) 56 99 168

Thus P(B1A) = P(A) 165 85 425

Example 6 Three machines E,E,E, in a certain factory produce 50%, 25% and
25%, respectively, of the total daily output of electric tubes. It is known that 4% of the
tubes produced one each of machines E and E, are defective, and that 5% of those
produced on E, are defective. If one tube is picked up at random from a day’s production,
calculate the probability that it is defective.

Solution: Let D be the event that the picked up tube is defective

Let A1 , A2 and A3 be the events that the tube is produced on machines E ,E, and E,
respectively .

P(D)=P(A)PMDIA)+P(A)PMDIA)+P((A)PDIA) (1)

1 1 1
=5 P(A)=7.PA)=7

PA)=T00
Al PDIA)=P(DIA 4 L
50 (DIA)=PDIA) =750 = 35
51
POTA)=T00 = 20"
Putting these values in (1), we get
S UL SO VN S S
D)= x5 +a* 5+t 4 %y
1 1 1
=— 4+ — + - =—— =.0425
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Example 7 Find the probability that in 10 throws of a fair die a score which is a
multiple of 3 will be obtained in at least 8 of the throws.

Solution Here success is a score which is a multiple of 3 i.e., 3 or 6.

2 1

Therefore, 3or6)=_—=7

erefore, p (3 or6) 6 3
The probability of r successes in 10 throws is given by
r 2 10-r

3
Now P (at least 8 successes) =P (8) + P (9) + P (10)

8 2 9 1 10
— 10(:8 l z + 10(:9 l 2 + IOCIO l
3/(3 313 3
201

1
= ?[45x4+10x2+1] = 37

[SSRE

P(r)="C,

Example 8 Adiscrete random variable X has the following probability distribution:

X 1 23 415 6 |7
P(X)| C | 2C|2C [ 3C|C* | 2¢*| 7C*+C

Find the value of C. Also find the mean of the distribution.
Solution Since X p, = 1, we have

C+2C+2C+3C+C+2C?+7C*+C=1

ie. 10C2 +9C - 1= 0

ie. (10C— 1) (C+1)=0
co— C=-1

= =10’ a

1
Therefore, the permissible value of C = E (Why?)
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2 2 2
=1xi+2x£+3x£+4xi+5 i +6x2 i +77 i +i
10 10 10 10 10 10 10 10

1 4 6 12 5 12 49 7
=—t—t—t—+—F+—+—+—
10 10 10 10 100 100 100 10
=3.66.

Long Answer (L.A.)

Example 9 Four balls are to be drawn without replacement from a box containing
8 red and 4 white balls. If X denotes the number of red ball drawn, find the probability
distribution of X.

Solution Since 4 balls have to be drawn, therefore, X can take the values 0, 1, 2, 3, 4.
P (X =0) =P (no red ball) = P (4 white balls)
‘C 4 1
C, 495

P (X =1)=P (1 red ball and 3 white balls)
_'ex'c, 32
?Cc, 495
P (X =2) =P (2 red balls and 2 white balls)
_ 8C2 X 4C2 168

PCc, 495

P (X =3) =P (3 red balls and 1 white ball)
_'Cyxfc, 224
*C, 495
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‘c, 70

P(X=4=P@redballs) = 75 = o5 -
4

Thus the following is the required probability distribution of X

X 0 1 2 3 4
T [ @ [ e [ [ w0
PO 495 | 495 495 | 495 | 495

Example 10 Determine variance and standard deviation of the number of heads in
three tosses of a coin.

Solution Let X denote the number of heads tossed. So, X can take the values O, 1, 2,
3. When a coin is tossed three times, we get

Sample space S = {HHH, HHT, HTH, HTT, THH, THT, TTH, TTT}

1

P (X =0)=P (nohead) =P (TTT) = g
3
P (X =1)=P (one head) =P (HTT, THT, TTH) = g

3
P (X =2) =P (two heads) =P (HHT, HTH, THH) = g

1
P (X =3) =P (three heads) =P (HHH) = g
Thus the probability distribution of X is:
X 0 1 213
- 1 3 311
1% |8 | 8s
Variance of X =6° =X x7 p, — W%, (D)
where [ is the mean of X given by
1 3 3
=Y xp=0X=+IX=4+2X=4+3x—
HESAP= g 7 " g g
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3
=3 @)
Now
1 3 3 1
2 = OPX—+ PP X=+2"x=+3*x—=3
B R R B ©)
From (1), (2) and (3), we get
2
= 3— g :g
2 4

— [ 3
Standard deviation =V O ? = \/; = 7 .

Example 11 Refer to Example 6. Calculate the probability that the defective tube was
produced on machine E,.

Solution Now, we have to find P (A /D).

P(A,nD)_P(A)P(D/A))

P(A,/D)="pp, P(D)
Lt
2 25_§
= 17 17
400

Example 12 A car manufacturing factory has two plants, X and Y. Plant X manufactures
70% of cars and plant Y manufactures 30%. 80% of the cars at plant X and 90% of the
cars at plant Y are rated of standard quality. A car is chosen at random and is found to
be of standard quality. What is the probability that it has come from plant X?

Solution Let E be the event that the car is of standard quality. Let B, and B, be the
events that the car is manufactured in plants X and Y, respectively. Now

oy 107 L 303
()10010 ()10010

P (E | B,) = Probability that a standard quality car is manufactured in plant
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_80_8
=100 10
90 9

P(EIBZ) = E=E

P (B, | E) = Probability that a standard quality car has come from plant X
_ P B, xP((EIB))
P®B,).PEIB)+P@®B, .PEIB,))

7.8
___ 10710 _56
78,39 8
10710 10710

Hence the required probability is 3

Objective Type Questions

Choose the correct answer from the given four options in each of the Examples 13 to 17.
Example 13 Let A and B be two events. If P (A) = 0.2, P (B) = 0.4, P (AUB) = 0.6,
then P (A | B) is equal to

(A) 0.8 B) 0.5 ©) 03 D) 0
Solution The correct answer is (D). From the given data P (A) + P (B) = P (AUB).
P(ANB)

This shows that P (AnB) = 0. Thus P(A | B) = ?B) =0.

Example 14 Let A and B be two events such that P (A) = 0.6, P (B) = 0.2, and
P(AIB)=0.5.

Then P (A" | B’) equals
1 3 3 ]
W5 B ©3 ®) -

Solution The correct answer is (C). P(AnB) =P (AIB) P (B)
=05x%x0.2=0.1
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P(A'nB)_P[(AUB)] 1-P(AUB)
PB) P®B)  1-P®B)

P(AIB)=

1-P(A)-P(B)+P(ANB)
- 1-0.2 -

Example 15 If A and B are independent events such that 0 < P (A) < 1 and
0 <P (B) < 1, then which of the following is not correct?

3
T

(A) A and B are mutually exclusive (B) A and B’ are independent
(C) A’ and B are independent (D) A’ and B’ are independent
Solution The correct answer is (A).

Example 16 Let X be a discrete random variable. The probability distribution of X is
given below:

X 30 (10 -10
1 3 1
POl o0 2
Then E (X) is equal to
(A) 6 (B) 4 ©3 D) -5

Solution The correct answer is (B).

1 3 1
E (X) = 30x=+10x—-10x—=4 |
X) 5 10 2
Example 17 Let X be a discrete random variable assuming values x , x,, ..., x, with
probabilities p, p,, ..., p,, respectively. Then variance of X is given by
(A)E (X?) (B) E(X*) +E (X) O EX)-[EX)P
(D) E (X*)- [E X
SolutionThe correct answer is (C).

Fill in the blanks in Examples 18 and 19

Example 18 If A and B are independent events such that P (A) =p, P (B) =2p and

5
P (Exactly one of A, B) = 5, then p =
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El

1 5
Solution p = g, B |:(1—p)(2p)+p(l—2p)=3p—4p2 =§}

Example 19 If A and B’ are independent events then P (A'UB) =1 —
Solution P (A’'UB) = 1 =P (AnB’) = 1 =P (A) P (B')
(since A and B’ are independent).

State whether each of the statement in Examples 20 to 22 is True or False

Example 20 Let A and B be two independent events. Then P (AnB) =P (A) + P (B)
Solution False, because P (AnB) =P (A) . P(B) when events A and B are independent.

Example 21 Three events A, B and C are said to be independent if P (AnBNC) =
P(A)PB)P (O).

Solution False. Reason is that A, B, C will be independent if they are pairwise

independent and P (AnNBMC) =P (A) P (B) P (C).

Example 22 One of the condition of Bernoulli trials is that the trials are independent

of each other.

Solution:True.

13.3 EXERCISE

Short Answer (S.A.)

1.  For aloaded die, the probabilities of outcomes are given as under:
P(1)=P(2)=0.2, P(3) =P(5) = P(6) = 0.1 and P(4) = 0.3.
The die is thrown two times. Let A and B be the events, ‘same number each

time’, and ‘a total score is 10 or more’, respectively. Determine whether or not
A and B are independent.

2. Refer to Exercise 1 above. If the die were fair, determine whether or not the
events A and B are independent.

3. The probability that at least one of the two events A and B occurs is 0.6. If A and
B occur simultaneously with probability 0.3, evaluate P(A)+ P(§ ).

4.  Abagcontains 5 red marbles and 3 black marbles. Three marbles are drawn one
by one without replacement. What is the probability that at least one of the three
marbles drawn be black, if the first marble is red?
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Two dice are thrown together and the total score is noted. The events E, F and
G are ‘atotal of 4°, ‘atotal of 9 or more’, and ‘a total divisible by 5°, respectively.
Calculate P(E), P(F) and P(G) and decide which pairs of events, if any, are
independent.

Explain why the experiment of tossing a coin three times is said to have binomial

distribution.

1 1 1
A and B are two events such that P(A) = 5, P(B) = 5 and P(AmB)zz.

Find :
(i) P(AIB) (i) P(BIA) (iii) P(A'IB) (iv) P(A'IB")

2 1
Three events A, B and C have probabilities 53 and 5 respectively. Given

1 1
thatP(AN C) = g andP(BNC)= 1 find the values of P(C | B) and P(A'n C").

Let E, and E, be two independent events such that p(E|) = p, and P(E)) = p,.
Describe in words of the events whose probabilities are:

@O p, p, (i) (I-p) p, i) 1-(1-p)(1-p,) V) p, +p,-2pp,
A discrete random variable X has the probability distribution given as below:
X 0.5 1 1.5 2
P(X) k k? 2k? k
1) Find the value of k
(i1) Determine the mean of the distribution.

Prove that

®  PA)=P(AnB)+P(An B)
(i) P(AUB)=P(AnB)+P(An B)+P(AAB)

If X is the number of tails in three tosses of a coin, determine the standard
deviation of X.

In a dice game, a player pays a stake of Rel for each throw of a die. She
receives Rs 5 if the die shows a 3, Rs 2 if the die shows a 1 or 6, and nothing
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otherwise. What is the player’s expected profit per throw over a long series of
throws?

Three dice are thrown at the sametime. Find the probability of getting three
two’s, if it is known that the sum of the numbers on the dice was six.

Suppose 10,000 tickets are sold in a lottery each for Re 1. First prize is of
Rs 3000 and the second prize is of Rs. 2000. There are three third prizes of Rs.
500 each. If you buy one ticket, what is your expectation.

A bag contains 4 white and 5 black balls. Another bag contains 9 white and 7
black balls. A ball is transferred from the first bag to the second and then a ball
is drawn at random from the second bag. Find the probability that the ball drawn
is white.

Bag I contains 3 black and 2 white balls, Bag II contains 2 black and 4 white
balls. A bag and a ball is selected at random. Determine the probability of selecting
a black ball.

A box has 5 blue and 4 red balls. One ball is drawn at random and not replaced.
Its colour is also not noted. Then another ball is drawn at random. What is the
probability of second ball being blue?

Four cards are successively drawn without replacement from a deck of 52 playing
cards. What is the probability that all the four cards are kings?

A die is thrown 5 times. Find the probability that an odd number will come up
exactly three times.
Ten coins are tossed. What is the probability of getting at least 8 heads?

The probability of a man hitting a target is 0.25. He shoots 7 times. What is the
probability of his hitting at least twice?

A lot of 100 watches is known to have 10 defective watches. If 8 watches are
selected (one by one with replacement) at random, what is the probability that
there will be at least one defective watch?
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Consider the probability distribution of a random variable X:

X 0 1 2 3 4

P(X) 0.1 025 | 03 0.2 0.15

X
Calculate (i) V| —= | (ii) Variance of X.

25.

26.

27.

28.

29.

2

The probability distribution of a random variable X is given below:

X 0 1 2 3
P | & | S| ALK

X 2 4 8
(1) Determine the value of k.

(i1)  Determine P(X < 2) and P(X > 2)
@iii) Find P(X < 2)+ P (X >2).

For the following probability distribution determine standard deviation of the
random variable X.

X 2 3 4

P(X) 0.2 0.5 0.3

1
Abiased die is such that P(4) = 0 and other scores being equally likely. The die

is tossed twice. If X is the ‘number of fours seen’, find the variance of the
random variable X.

A die is thrown three times. Let X be ‘the number of twos seen’. Find the
expectation of X.

1
Two biased dice are thrown together. For the first die P(6) = 5 the other scores

2
being equally likely while for the second die, P(1) = g and the other scores are
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equally likely. Find the probability distribution of ‘the number of ones seen’.

Two probability distributions of the discrete random variable X and Y are given
below.

X 0 1 213 Y 0 1 2 3
ool 1 2] 1]t | L2 2L
X) 5 5 515 ) 5 10 51 10

Prove that E(Y?) = 2 E(X).

1
A factory produces bulbs. The probability that any one bulb is defective is 50

and they are packed in boxes of 10. From a single box, find the probability
that

(1) none of the bulbs is defective
(i) exactly two bulbs are defective

(iif) more than 8 bulbs work properly

Suppose you have two coins which appear identical in your pocket. You know
that one is fair and one is 2-headed. If you take one out, toss it and get a head,
what is the probability that it was a fair coin?

Suppose that 6% of the people with blood group O are left handed and 10% of
those with other blood groups are left handed 30% of the people have blood
group O. If a left handed person is selected at random, what is the probability
that he/she will have blood group O?

Two natural numbers r, s are drawn one at a time, without replacement from

the set S={1, 2, 3, ..., n} . Find P[r < pls < p], where pe S.

Find the probability distribution of the maximum of the two scores obtained
when a die is thrown twice. Determine also the mean of the distribution.

The random variable X can take only the values 0, 1, 2. Given that P(X =0) =
P (X = 1) = p and that E(X?) = E[X], find the value of p.
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37. Find the variance of the distribution:

X 0 1 2 3 4 5
p 1 5 2 1 1
Wl s | 18 |9 |6] 9|8

38. A and B throw a pair of dice alternately. A wins the game if he gets a total of
6 and B wins if she gets a total of 7. It A starts the game, find the probability of
winning the game by A in third throw of the pair of dice.

39. Two dice are tossed. Find whether the following two events A and B are
independent:

A={(xy) :x+y=11} B={(x,y): x #5}
where (x, y) denotes a typical sample point.

40. An urn contains m white and n black balls. A ball is drawn at random and is put
back into the urn along with k additional balls of the same colour as that of the
ball drawn. A ball is again drawn at random. Show that the probability of
drawing a white ball now does not depend on k.

Long Answer (L.A.)

41. Three bags contain a number of red and white balls as follows:

Bag 1 : 3 red balls, Bag 2 : 2 red balls and 1 white ball
Bag 3 : 3 white balls.
i
The probability that bag i will be chosen and a ball is selected from it is 5
i=1,2,3. What is the probability that
(1) a red ball will be selected? (ii) a white ball is selected?
42. Refer to Question 41 above. If a white ball is selected, what is the probability
that it came from
(1) Bag 2 (>i1) Bag 3
43. A shopkeeper sells three types of flower seeds A, A, and A,. They are sold as

a mixture where the proportions are 4:4:2 respectively. The germination rates
of the three types of seeds are 45%, 60% and 35%. Calculate the probability

(i) of arandomly chosen seed to germinate
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(i1) that it will not germinate given that the seed is of type A,,
(iii) that it is of the type A, given that a randomly chosen seed does not germinate.

A letter is known to have come either from TATA NAGAR or from
CALCUTTA. On the envelope, just two consecutive letter TA are visible. What
is the probability that the letter came from TATA NAGAR.

There are two bags, one of which contains 3 black and 4 white balls while the
other contains 4 black and 3 white balls. A die is thrown. If it shows up 1 or 3,
a ball is taken from the Ist bag; but it shows up any other number, a ball is
chosen from the second bag. Find the probability of choosing a black ball.

There are three urns containing 2 white and 3 black balls, 3 white and 2 black
balls, and 4 white and 1 black balls, respectively. There is an equal probability
of each urn being chosen. A ball is drawn at random from the chosen urn and it
is found to be white. Find the probability that the ball drawn was from the
second urn.

By examining the chest X ray, the probability that TB is detected when a person
is actually suffering is 0.99. The probability of an healthy person diagnosed to
have TB is 0.001. In a certain city, 1 in 1000 people suffers from TB. A person
is selected at random and is diagnosed to have TB. What is the probability that
he actually has TB?

An item is manufactured by three machines A, B and C. Out of the total number
of items manufactured during a specified period, 50% are manufactured on A,
30% on B and 20% on C. 2% of the items produced on A and 2% of items
produced on B are defective, and 3% of these produced on C are defective. All
the items are stored at one godown. One item is drawn at random and is found
to be defective. What is the probability that it was manufactured on
machine A?

Let X be a discrete random variable whose probability distribution is defined as

follows:

k(x+Dforx=1,2,3,4
P(X=x)=42kx forx=5,6,7

0 otherwise
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where k is a constant. Calculate
(i) the value of £ @11) E (X) (i) Standard deviation of X.

The probability distribution of a discrete random variable X is given as under:

X 1 2 4 2A 3A 5A
O T N IR U )

(X) 2 5 25 10 25 25
Calculate :

(1) The value of A if E(X) =2.94
(i1) Variance of X.

The probability distribution of a random variable x is given as under:

kxe* for x=1,2,3
2kx forx=4,5,6

0 otherwise

P(X=x) =

where k is a constant. Calculate
(1) EX) (i) E (3X?) (iir) PX > 4)

A bag contains (2n + 1) coins. It is known that n of these coins have a head on
both sides where as the rest of the coins are fair. A coin is picked up at random
from the bag and is tossed. If the probability that the toss results in a head is

31
—, determine the value of n.

42

Two cards are drawn successively without replacement from a well shuffled
deck of cards. Find the mean and standard variation of the random variable X
where X is the number of aces.

A die is tossed twice. A ‘success’ is getting an even number on a toss. Find the
variance of the number of successes.

There are 5 cards numbered 1 to 5, one number on one card. Two cards are
drawn at random without replacement. Let X denote the sum of the numbers on
two cards drawn. Find the mean and variance of X.
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Objective Type Questions
Choose the correct answer from the given four options in each of the exercises from
56 to 82.
4 7 _
56. If P(A) = g, and P(AnB) = E’ then P(B | A) is equal to

1 1 7 17
75 B) 3 © 3 D) 75

7 17
57. IfP(AnB)=— and P(B) = 0 , then P (A | B) equals
1
8

14 17 7
*) ® 5 O3 (D)

3 2 3
58. If P(A) = E PB)=— and P(AUB)= —,then P(BI1A) +P(AlB) equals

ol 1 5 7
) 5 (B) 3 © ® 3

2 3 1
59. IfP(A)= P(B) E andP(AmB)— — ,then P(A’IB").P(B'l A") is equal

to

5 25
w T ® © 5 ® 1

1 1 1
60. If A and B are two events such that P(A) = E, P(B) = g, P(A/B)zz, then

P(A’"B’) equals

1 3 1
@ 5 ®7 © 7 O
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64.

65.
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If P(A) =0.4, P(B) =0.8 and P(B | A) = 0.6, then P(A L B) is equal to
(A) 0.24 (B) 0.3 (C)0.48 (D) 0.96

If A and B are two events and A #0, B #¢, then

P(A N B)

(A) P(A 1 B) = P(A).P(B) (B) P(AIB)= P(B)

© P(A1B).P(B 1 A)=1 (D) P(A I B) =P(A) | P(B)
A and B are events such that P(A) = 0.4, P(B) = 0.3 and P(AuB) = 0.5.
Then P (B’ n A) equals
A 2 B) - ) = D) =
(A) 3 ®) 3 © 15 D) 3
. 3 1
You are given that A and B are two events such that P(B)= g ,P(AIB) = B and

4
P(AUB) = g, then P(A) equals

A~ B) - 0~ D) >
B 15 (B) 3 © (D) 3
In Exercise 64 above, P(B | A”) is equal to

N RN 5 2
(A) 3 B) 75 © D) 3

3 1 4
IfP(B) = g,P(AIB): 5 and PAUB) = g,thenP(AuB)’ +P(A"UB) =

1 4 1
(A) 5 (B) 5 ©) 2 (D) 1
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7 9 4
67. LetP(A) =E’ P(B) = — and P(An B) = — . Then P( A’| B) is equal to

13 13
A 2 B) — o D)2
(A 5 B) © 5 ®) 5
68. If A and B are such events that P(A) > 0 and P(B) 1, then P(A” | B”)
equals.
(A) 1-P(AIB) (B) 1I-P(A” I B)
1-P(AUB)
© T PB) (D) PCA”) I P(B”)

3 4
69. If A and B are two independent events with P(A) = g and P(B) = 6’ then

P(A’M B’) equals

4 8 1
(&) 75 B) 75 © 3 DO 35

70. If two events are independent, then
(A) they must be mutually exclusive
B) the sum of their probabilities must be equal to 1
© (A) and (B) both are correct
(D) None of the above is correct

3 5 3
71. Let A and B be two events such that P(A) = g, P(B) = g and P(AUB) = 1
Then P(A | B).P(A” | B) is equal to
A 2 B 3 C 3 D o
(4) 3 B) 3 © 55 (D) 3

72. If the events A and B are independent, then P(A n B) is equal to
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74.

75.

76.

77.

78.

MATHEMATICS
A P@A)+P(B) (B) P(A) - P(B)
(C)  P(A).P(®B) (D) P(A) | P(B)

Two events E and F are independent. If P(E) = 0.3, PEEUF) = 0.5, then
P(E | F)-P(F | E) equals

N B) = 0 o D)
(4 2 (B) 35 (© = (D) -

A bag contains 5 red and 3 blue balls. If 3 balls are drawn at random without
replacement the probability of getting exactly one red ball is

45 135 15 15
Ty B) 395 © 5 D) 55

Refer to Question 74 above. The probability that exactly two of the three balls
were red, the first ball being red, is

ol 4 15 s
(4 3 B) 7 (© 25 D) -

Three persons, A, B and C, fire at a target in turn, starting with A. Their probability
of hitting the target are 0.4, 0.3 and 0.2 respectively. The probability of two hits
is

(A) 0.024 (B) 0.188 (C) 0.336 (D) 0.452

Assume that in a family, each child is equally likely to be a boy or a girl. A family
with three children is chosen at random. The probability that the eldest child is a
girl given that the family has at least one girl is

NS B) = c = D) =
A 5 ®) 5 © 3 D) >

A die is thrown and a card is selected at random from a deck of 52 playing cards.
The probability of getting an even number on the die and a spade card is

ol L 1 3
(1) 3 ®) © 3 ®)
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A box contains 3 orange balls, 3 green balls and 2 blue balls. Three balls are
drawn at random from the box without replacement. The probability of drawing
2 green balls and one blue ball is

3 2 1 167
(A) 25 B) 5 © 5 D) 1e5

A flashlight has 8 batteries out of which 3 are dead. If two batteries are selected
without replacement and tested, the probability that both are dead is

REE . oL 03
()56 ()64 ()14 ()28
Eight coins are tossed together. The probability of getting exactly 3 heads is
A) —— B) - el D) —
()256 ()32 ()32 ()32

Two dice are thrown. If it is known that the sum of numbers on the dice was less
than 6, the probability of getting a sum 3, is

(A) = (B) > © ! D) 2
18 18 5 5
Which one is not a requirement of a binomial distribution?
(A) There are 2 outcomes for each trial
(B) There is a fixed number of trials
(C) The outcomes must be dependent on each other
(D) The probability of success must be the same for all the trials

Two cards are drawn from a well shuffled deck of 52 playing cards with
replacement. The probability, that both cards are queens, is

AR LI LS I S .
(A 137713 B3+ Opxm O pxy

The probability of guessing correctly at least 8 out of 10 answers on a true-false
type examination is
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87.

88.

89.

90.
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(A) z (B) T © Sl D) =

64 128 1024 41
The probability that a person is not a swimmer is 0.3. The probability that out of
5 persons 4 are swimmers is
(A)°C, (0.7)*(0.3) (B)°C, (0.7) (0.3)*
(©)°C, (0.7) (0.3)* (D) (0.7)* (0.3)
The probability distribution of a discrete random variable X is given below:
X 2 3 4 5
oo |2 7 ol n

k k k k
The value of k is
(A) 8 (B) 16 (C) 32 (D) 48
For the following probability distribution:
X -4 -3 -2 -1 0
P(X) 0.1 0.2 0.3 0.2 0.2
E(X)isequalto:
(A0 B) -1 (G (D) -1.8
For the following probability distribution
X 1 2 3 4
roo | L[ L[ 22
10 5 10 5

E(X?) is equal to
(A3 B)S5 <7 (D) 10
Suppose a random variable X follows the binomial distribution with parameters n

and p, where 0 < p < 1. If P(x = r) / P(x = n—r) is independent of n and r, then
p equals
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NE B) 0 % D) -
() 3 (B) 3 (© 5 D) -

In a college, 30% students fail in physics, 25% fail in mathematics and 10% fail
in both. One student is chosen at random. The probability that she fails in physics
if she has failed in mathematics is

1 2 9 1
(A) 0 (B) 5 © 20 (D) 3

A and B are two students. Their chances of solving a problem correctly are 3

1
and 1 respectively. If the probability of their making a common error is, 20

and they obtain the same answer, then the probability of their answer to be
correct is

1 1 13 10
(A) I (B) 0 © 120 (D) e}

A box has 100 pens of which 10 are defective. What is the probability that out of
a sample of 5 pens drawn one by one with replacement at most one is defective?

9 Y 1(9Y 1(9Y 9y 1(9Y
oG i o] oG

State True or False for the statements in each of the Exercises 94 to 103.

94.

95.
96.
97.
98.

Let P(A) > 0 and P(B) > 0. Then A and B can be both mutually exclusive and
independent.

If A and B are independent events, then A” and B’ are also independent.
If A and B are mutually exclusive events, then they will be independent also.
Two independent events are always mutually exclusive.

If A and B are two independent events then P(A and B) = P(A).P(B).
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99.  Another name for the mean of a probability distribution is expected value.
100. If A and B’ are independent events, then P(A'UB) = 1 — P (A) P(B")
101. If A and B are independent, then

P (exactly one of A, B occurs) = P(A)P(B")+P(B) P(A”)
102. If A and B are two events such that P(A) > 0 and P(A) + P(B) >1, then

P(B)
P(A)

PBIA) > 1=

103. If A, B and C are three independent events such that P(A) = P(B) = P(C) =
p, then

P (At least two of A, B, C occur) = 3p* —2p°

Fill in the blanks in each of the following questions:

104. If A and B are two events such that

P (A1B)=p,P(A)=p,PB) =

(OSSR

5
and P(Au B)=§ ,thenp =
105. If A and B are such that
2 5
P(A'UB") =3 and P(Au B)=§ ,

then P(A") + P(B") = ...

106. If X follows binomial distribution with parameters n = 5, p and
PX=2)=9,P(X=3),then p =

107. Let X be a random variable taking values x, x,,..., x with probabilities
P> Dy - D, TeSpectively. Then var (X) =
108. Let A and B be two events. If P(A | B) = P(A), then A is of B.

- O L ——
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Set-1

ESIGN OF THE QUESTIO
PAPER

MATHEMATICS - CLASS XII

Time : 3 Hours
Max. Marks : 100

The weightage of marks over different dimensions of the question paper shall be as
follows:
(A) Weightage to different topics/content units

S.No. Topic Marks
1. Relations and functions 10
2. Algebra 13
3. Calculus 44
4. Vectors and three-dimensional geometry 17
5. Linear programming 06
6. Probability 10
Total: 100
(B) Weightage to different forms of questions:
S.No. Form of Questions Marks for Total Number Marks
each Question of Questions
1. MCQ/Objective type/VSA 01 10 10
2. Short Answer Questions 04 12 48
3. Long Answer Questions 06 07 42
29 100

(C) Scheme of Option:
There is no overall choice. However, an internal choice in four questions of four
marks each and two questions of six marks each has been provided.

Blue Print
Units/Type of Question MCQ/VSA S.A. L.A. Total
Relations and functions - 4(1) 6(1) 10 (2)
Algebra 33 4(1) 6 (1) 13 (5)
Calculus 44 28 (7) 12 (2) 44 (13)
Vectors and three
dimensional geometry 3(3) 8(2) 6(1) 17 (6)
Linear programming - - 6 (1) 6 (1)
Probability - 4(1) 6 (1) 10 (2)
Total 10 (10) 48 (12) 42 (7) 100 (29)
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Section—A

Choose the correct answer from the given four options in each of the Questions 1 to 3.

1.

x+y 21 1 _
If X—y 43 , then (x, y) is

A (LD B) 1,-1
© LD D) 1, -D)

The area of the triangle with vertices (-2, 4), (2, k) and (5, 4) is 35 sq. units. The
value of k is

A 4 B) -2

<€ 6 D) -6

The line y = x + 1 is a tangent to the curve y* = 4x at the point
A (1,2 B) @&

<G d,-2 D) (-1,2)

Construct a 2 x 2 matrix whose elements a, are given by
3i+g
—if i#

iy

(i +j)2,ifi =}.
Find the value of derivative of tan™! (¢*) w.r.t. x at the point x = 0.

x-3 y+2 z-6
2 -5 3

The Cartesian equations of a line are . Find the vector equation

of the line.

s

Evaluate (sin®x+x'*)dx

-
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Fill in the blanks in Questions 8 to 10.

8.

10.

11.

12.

13.

14.

J- sinx+cos x

——dx =
1+sin2x

If a=2{+4]-k and b=3{-2j+ Ak are perpendicular to each other, then
A=

The projection of a={+3]+k along b=2{ -3+ 6k is

Section—B

4 Vl+sinx++1-sinx x T
Prove that cot™ v v =, 0<x<5

\/1+sinx—\/l—sinx

OR
. e . L
Solve the equation for x if sin~'x + sin"'2x = 3 x> 0
Using properties of determinants, prove that
b+c c+a a+b a b ¢
q+r r+p p+q|=2|\p q r
y+z z+x Xx+Yy X y z

Discuss the continuity of the function f given by f(x) = Ix+11+ Ix+2l at x =— 1 and
x=-2.

e dYy n
If x = 2c0s0 — c0s20 and y = 2sin® — sin20, find e at 6= 5
x

OR
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d -1
If xy/14+ y+ yv14+ x=0,prove that o_ >, where—1< x<1
dx (1+x)

A cone is 10cm in diameter and 10cm deep. Water is poured into it at the rate of
4 cubic cm per minute. At what rate is the water level rising at the instant when
the depth is 6cm?

OR

1
Find the intervals in which the function f given by f (x) = x* + F ,x#01is

(i) increasing (ii) decreasing

3x=2

Evaluate —
(x+3)(x+1)

OR

Evaluate log(logx)+ 3

log x)

” xsinx
Evaluvate T 5 dx
o I+cos” x

Find the differential equation of all the circles which pass through the origin and
whose centres lie on x-axis.

Solve the differential equation

xXydx — (3 +y)dy =0

If axb=axc,a#0and b # c, show that p = ¢+ Ag for some scalar ).
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21. Find the shortest distance between the lines

r=(A=Di +(A+D) -+ k and r=1—)i +u-1)]+(u+2)k

22. A card from a pack of 52 cards is lost. From the remaining cards of the pack, two
cards are drawn and found to be hearts. Find the probability of the missing card
to be a heart.

Section—C

23. Let the two matrices A and B be given by

1 -1 0 2 2 -4
A=2 3 4 andB= 4 2 -4
0 1 2 2 -1 5

Verify that AB = BA = 6l, where I is the unit matrix of order 3 and hence solve the
system of equations

x—y=3,2x+3y+4z=17 and y+2z="7

24. On the set R— {— 1}, a binary operation is defined by
axb=a+b+abforalla,be R-{-1}.

Prove that % is commutative on R — {-1}. Find the identity element and prove that
every element of R — {— 1}is invertible.

25. Prove that the perimeter of a right angled triangle of given hypotenuse is maximum
when the triangle is isosceles.

26. Using the method of integration, find the area of the region bounded by the lines
2x+y=4, 3x—2y=6 and x-3y+5=0.

OR

4

2
Evaluate (2X"—x)dx 35 limit of a sum.
1
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Find the co-ordinates of the foot of perpendicular from the point (2, 3, 7) to the
plane 3x —y — z = 7. Also, find the length of the perpendicular.

OR

Find the equation of the plane containing the lines

r=i+j+AG+2j—k)and r=0+j+p(-i+ j-2k).
Also, find the distance of this plane from the point (1,1,1)

Two cards are drawn successively without replacement from well shuffled pack
of 52 cards. Find the probability distribution of the number of kings. Also, calculate
the mean and variance of the distribution.

A dietician wishes to mix two types of foods in such a way that vitamin contents
of the mixture contains atleast 8 units of Vitamin A and 10 units of Vitamin C.
Food ‘T’ contains 2 units/kg of Vitamin A and 1 unit/kg of Vitamin C. Food ‘II’
contains 1 unit/kg of Vitamin A and 2 units/kg of Vitamin C. It costs Rs 50 per kg
to purchase Food ‘I” and Rs 70 per kg to purchase Food ‘II’. Formulate this problem
as a linear programming problem to minimise the cost of such a mixture and solve
it graphically.

Marking Scheme

Section—A

. (©
2. (D)
3. (A Marks

4 L

2

4.

— 16
. L
2

6.  r=(3-2]+6k)+A(20-5]+3k), where ), is a scalar.
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10. —~ 1x10=10

Sections —B

. JI1+sinx++/1-sinx
\/l+sinx—\/l—sinx

x . xY x . xY
cos—+sin— | +,/| cos——sin—
2 2 2
X . X X . X
cos—+sin— | —,/| cos——sin—
[ e ] =y -3 )

+

11. L.H.S. = cot

- cot™

=
=

X
COS— —SIn—

x .
COS— +8In—
2

[\
[\

cot

) X T X . X
since 0<—<— = cos—>sin—
[ 2 4 2 2}

=
=

X . . X
cos—+ sin—{—|cos — —sin—
2 2

[\
[\

X, . X X . X
COs—+s8In—+Ccos——sin—
2 2 2 2

cot

X, . X X, . X
COS—+8In——Ccos—+sin—
2 2 2 2

X
2cos—

- - X X
cot =cot™ cot= == 1—

2sin—
2

20/04/2018



DESIGN OF THE QUESTION PAPER 313

) X T
since O0<—<— 1
[ 2 4}

OR

4

sinlx 4+ sin"2x = —

3

. T )
= sin 2x = E —sin! x

T
= 2x = sin(g — sin"!x) 1

I T 3 . - 1
=sin = cos (sin"'x) — cosg sin (sinlx) = %xll—smz (sin”' x) —Ex

3

1
dx = \/gxll—xz —x,3x= \/gxll—xz 15

= 252=3(1-2)

= 28x*=3
L. 3
TR
1 /3
I b
= X N7 1
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N | =

13
Hence x = E\/; (as x > 0 given)

13
Thus x = E\/; is the solution of given equation.

b+c c+a a+b
12. Let A=|g+r r+p p+gq
y+z z+x x+Yy

Using C, = C +C,+C,, we get
2(a+b+c) c+a a+b

A=|2(p+qg+r) r+p p+gq 1
2x+y+2z7) z+x x+y

at+tb+c ct+ta a+b
=2|p+q+r r+p p+gq
X+y+z z+x x+y
Using C, > C,—-C and C, = C,-C,, we get
atb+c -b -—c
A=2\p+q+r -q -r 1—-

x+y+z -y -z

Using C, = C,+C, + C,and taking (- 1) common from both C,and C,
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a b ¢
A=2\p q r
Xy Zz

13. Case 1 when x < -2
fO=x+1l+kx+2l=-x+1) - (x+2) =-2x-3
Case 2 When -2 <x < -1
f)=—x-1+x+2=1
Case 3 When x = -1
fX)=x+1+x+2=2x+3

Thus

-2x-3 when x<-2
fx)= 1 when -2<x<-1
2x+3 when x=>-1

Now, LH.S at x = -2, lim f(x) = lim (2x-3) =4-3=1

x—-2" x—>-2"

RHSatx=-2, lim f(x) = lim1=I

Alsof(-2)=12+ 11+ 1-2+2I=-11+10l=1

Thus, 1im f(x) = pp)= lim f(x)

x—-2" x—-2"

= The function f'is continuous at x = -2

315
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Now, LH.S at x=—1, lim f(x)= lim 1=

x—>-1" x—-1"

RHSatx=-1, lim f(x)

x—-1"
_ lim (2x+3)_ L
x—-1" - 2
Alsof(-)=1-1+11+-1+2I=1
Thus, lim f(x) = lim =f(-1)
x—-1* x—=-1
= The function is continuous at x = —1
Hence, the given function is continuous at both the points x = -1 and x = -2
14. x =2co0s0 — cos20 and y = 2 sinB — sin20
dy -2 sin@ sin -9
dy 4o cos@—cos20 2 2 30 1
So 4x dx  sin20-sin® 3 Sty 1=
— 2cos— sin—
0 2 2
Differentiating both sides w.r.t. x, we get
2
Ly 32, d0
dx= 2 2 dx
, 30 1 3 ,30 1
=—seC  —X ————— =—sec — X 0 5
2 2 2(sin20-sin6) 4 2 eos P gin @
2 2
3 536
=—8ec’ — cosec— 1—
8 2 2
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2 —_—

Th u t0 _I isgsec3ﬁc0secﬁ——
P i T R 4 2

OR

We have
xJl+y +yJ1+x=0
= xJl+y = -y l+x

Squaring both sides, we get
(1 +y) =y*(1 +x)
=x+y) x-y=-yx(x-y)

-X
=>x+y=-xy,ie, y= 1+x

dy _ (L+x)1-x(0+1) 1

dx (1+x)2 - (1+x)2

15. Let OAB be a cone and let LM be the level of
water at any time f.

Let ON =4 and MN = r

dv
Given AB = 10 cm, OC = 10 cm and E: 4 cm?

minute, where V denotes the volume of cone OLM.

Note that A ONM ~ A OCB
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MN_ON r_h h 1
=B oc% s 10772

1, .

Now, V = gm’ h e (D)

h
Substituting r= B in (i), we get

- i7th3 1—
12 2

Differentiating w.r.t.t

a3 dn
dt 12 dt

a4 d
= dt wh? dr

dh 4
Therefore, when 7 = 6 cm, — = —— cm/minute 1—
dt 9n 2

OR
f=x+ =73
X
i 3
= fi=3x-—
X

3(x0-1) 3(x7—1)(x*+x7+1)
- x4 - x4 1
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As x* + x* + 1 > 0 and x* > 0, therefore, for f to be increasing, we have
xX-1>0

= x&(—o0, —1) U(1, ) 1-

Thus f is increasing in (—oo, —1) ] (1, oo)
(ii) For f to be decreasing f’(x) < 0

= x*-1<0

1
=Sx-1D)@x+1)<0=xe(-1,0)U(0,1) [x#0 asf is not defined at x = 0] 15

Thus f(x) is decreasing in (—1, 0) U (0, l)

3x-2 A N B N C

10 Let (4 3)(x+1) *+3 xH+l (x41)
Then3x-2=Ax+1)*+Bx+1) @x+3)+C(x+3)
comparing the coefficient of x%, x and constant, we get
A+B=0,2A+4B+C=3and A+3B+3C=-2
Solving these equations, we get
A= "0 B="anc=2 s

T4 T 2

3x-2 —11 11 5

= () A+ o) o]
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j—3x_2 dx—i ! dx+E L x
Hence J i 3)(x+1) 4 I x+3 49 x+1
-11 11 5

=—1 +3|+—1 +1) + +C
4 Og|x | 4 Og|x | 2(x+1) 1
OR
10g(10gx)+ > dx
log x)
_ jlog(logx)dx +_[ ! 5 dx
(log x)
Integrating log (logx) by parts, we get
1
log(logx)dx = xlog(log x)— X —dx
(logx) x
=x log(1 - dx
x log(log x) ogx
-1
=x log (log x)— - X—dx

X 2
IOgX (log x) X

X
=x log (log x) — logx - (1o )2 dx
X

5 1

2 (x+1)2
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1
Therefore, J. log (log x) + dx = x log (logx) _IL—FC 11

(log x)* ogx 2

xsin x
17. Letl= 1+4+cos” x
T(m—x)sin(T-x) ‘ h
_[ dx | since j( x=_|.f(a x)dx
0 1+cos” (T—x) 0 0
s
_ sin x dr] |
1+cos” x
" sinx
21 ——dx
01+cos X

Putcosx=t¢t for x=r ¢t -1, x 0 ¢ 1 and — sin xdx=dt.

Therefore 21=m —dt2 =7 t_di 1l
1+t I+ 2

=N [tan’lt] "= Tt[tan’1 (+1)—tan’1 (—1)]
B 1
=+T| = |=— 1—
2 2 2

2
==
4
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18. The equation of circles which pass through the origin and whose centre lies on
X — axis is

(x—a)2+y2:a2 (l) 1_
Differentiating w.r.t.x, we get

2(x—a)+2yﬂ=0
dx

Y
X y— a 1—
Y x
Substituting the value of a in (i), we get

2 2
dy 2 dy
= 4y'= x+y—=

Y dx Y ydx

(x2 yz) 2xy% 0 1

19. The given differential equation is
2 3. .3) g
x“ ydx —(x +y ) dy=0

d x?
= 2= 3 y3
dx x +y

(1)

dy dv
Put y=vx so that — =v+x— |
dx dx
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dv %
Vv o x— 3
dx 1+v
dv  —v*
= 3
dx 1+v
1+v°
4V dv - & 1
Y
1 1 d
—dv —dv - o~ 1
% v
— logly| —loglx| ¢
L toa| ol
= F*‘ log|y|=¢ , which is the reqd. solution. 1
20. We have
axb=aXc
a b-a ¢ 0
a (b—c) 0 1
a 0orb-c Oora (b—c) 1
=a (b-c) [sincea;eo&b;ec] 1

b—c a, for some scalar )

=b=c+ha 1
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21. We know that the shorest distance between the lines r=a+Ab and r=c +ud is

22.

given by

) (c —a)-(bxd)
- ‘bxd‘

Now given equations can be written as

r=(—f+}—l€) +A (f+}'—l§) and r=(f—j’+ 212) +U (—f+ 2}+I€)

Therefore ¢ —a = 25—2}'+3l€

i ok
and bxd=|1 1 -1=3i-0j+3k
12 1

\bd\ﬂdﬁ&ﬁ

|(c—a)~(b><d)| l6=0+9] 15 5 52
HenoeD:‘ b xd] ‘_I W2 | 32 2 2

LetE, E, E,, E, and A be the events defined as follows :
E, = the missing card is a heart card,
E, = the missing card is a spade card,

E, = the missing card is a club card,

| =

N | =
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E, = the missing card is a diamond card Yo

A = Drawing two heart cards from the remaining cards.

13 1 1 1

Then P(E,)=—=—, P(E,)=—==—, P(E;)=—==—,P(E,)=5=— V2
52 4

P (A/E,) = Probability of drawing two heart cards given that one heart card is

12
. G
missing = 57
2

P (A/E) = Probability of drawing two heart cards given that one spade card is

13
. G
missing = 57
2

B 13

Similarly, we have P (A/E,) = 5 Cz and P (A/E) = 5 Cz 1

By Baye’s thereon, we have the

required Probability = P (E,/A)

) p(E,) P(AE) |

P(E,) P(A/E,)+P(E,) P(A/E,)+P(E;) P(A/E;) +P(E,) P(A/E,)

12,

B 4 51C2

- 1 12C2 1 13C2 1 13C2 13C2 1

1
X + + +-—X
4 °'c, 4°'c, 4°c, 4 °c,

2c, _ 66 1
2C,+C,+5C,+5C, 66+78+78+78 50
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Section C
23. We have
1 -1 0 2 2 4
AB= 2 3 4 4 2 4
0o 1 2 2 -1 5
6 00 1 00
=06 0 =6010 — 6l
0 0 6 0 0 1

Similarly BA = 61, Hence AB = 61 = BA

AsAB=6I, A”'(AB)=6A""I . This gives

2 2 4
1

IB=6A""ie., Al=1p s -4 2 4

6 2 -1 5

The given system of equations can be written as

AX = C, where
X 3
X=y,C= 17
Z 7

The solution of the given system AX = C is given by X =A"'C

N | =
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X | 2 2 4 3
y r -4 2 4 17
Z 2 -1 5 7
| 6+34-28 2
=g —12434-28 = -1
6-17+34 4
Hencex=2,y=1andz=4 2

24. Commutative: For any ¢, b € R - { -1}, we have a * b =a + b + ab and
b *a=>b+a+ba. But {by commutative property of addition and multiplication on
R - {-1}, we have:
a+b+ab=b+a+ba.

ax*b=bx*a
Hence * is commutative on R — {-1} 2
Identity Element : Let ¢ be the identity element.
Thena *e= exaforallae R-{-1}
a+e+ae=aande+a+ea=a
e(l+a)=0 e =0 [since a # -1)
Thus, 0 is the identity element for * defined on R — {—1} 2

Inverse : Let « e R — {-1}and let b be the inverse of a. Then
a*b=e=b%*a
a*b=0=b*a ( e=0)

a+b+ab=0
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=h=—2cR (since a#—1)
a+l1

—a —-a
— #—1.Thusb=——-
Moreover, atl a+1 € R-{-1}.

Hence, every element of R — {—1}is invertible and

—da

the inverse of an element a is a+l

25. Let H be the hypotenuse AC and 0 be the angle
between the hypotenuse and the base BC of the
right angled triangle ABC.

Then BC =base =H cos 6 and AC = Perpendicular

=Hsin©
P = Perimeter of right-angled triangle
1
=H+Hcos0+Hsin®0=P 15

For maximum or minimum of perimeter, %=0
: . L
H (0 —sin 6 + cos 6) =0, i.e. GZZ

Now
d*P

FTY =—Hcos®—Hsin0

d*p T 1 1
=2  at@=—=_H|—— — |=v2H<0
de’ 4 [\E \E}

) ) T
Thus Pis maximum at Gzz.

H

—

B C
Fig. 1.2

1

1

1
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T n) H . H
For = —, Base=H cos | — |=—= and Perpendicular = — 7 1
4 [4J 2 P V2
Hence, the perimeter of a right-angled triangle is maximum when the
1
triangle is isosceles. 5
26.
L
2
40
| | | |
I T T T
/5 4321
x-=3y+50
x==5,x=0
5
:0’ :—:16
y Yy 3

Fig. 1.3

Finding the point of interection of given lines as A(1,2), B(4,3)
and C (2,0)

1
Therefore, required Area
4 2 4
+5 3x—6
= 122 - (4-2x)dv- —— dx
1 1 2 2
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%bsﬂ —(4x—x2)]f-[§x2‘3xﬂi

-1 E+20 - l+5 - (8-4)-(4-1) - (12-12)-(3-6)
302 2
=l><4—5 - 1—3=zsq. units
3 2 2
OR
4 4

=lim f ()4 f (14 h)+ f (14 2h) ot f(t+(n=-1)n) ——-)
where h=£,i.e.,nh=3
n

Now, f(1+n—1h)=2(1+(n-1)h) ~ (1+(n—1)h)

=2(1+(n_1)2 h2+2(n—1)h)—1 (L+ (-1 h) =2(n-1) K> +3(n—1)h+1

Therefore, f(1)=2.0" > +3.0.h+1, f(1+h)=2.1"*+3.1.h+1

F1+20)=222 W2 +324+1, f(1+(n-1)h)=2.2" * +3.2.h+1

20/04/2018



Thus, I=lim & n+2
h—0

27.
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n(n-1)(2n-1) h2+3n(n—l)(nh—h)
2

:g_)mo hn+2(nh)(nh —6h)(2nh—h) +3(nh)(2nh—h) 5

i 32006060 @G- e 1
h—0 6 2 2 2

A (2,3,7)
X

=
B

N
Il
~

Fig. 1.4 3x-y

The equation of line AB perpendicular to the given plane is

x=2 y-3 z-7 1
= = =A(sa 1—
3 -1 -1 (say) 2
Therefore coordinates of the foot B of perpendicular drawn from A on the
plane 3x —y —z =7 will be
1
(BA+2,-A+3,-1+7) 15

Since B =(37u+2,—7\.+3,—7\.+7) lieson 3x —y—z =7, we have

=3(3A+2) = (-A+3)-(-A+7)=7 1
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Thus B = (5, 2, 6) and distance AB = (length of perpendicular) is 2

J2-57+(3-27 +(7-6)" =11 units

Hence the co-ordinates of the foot of perpendicular is (5, 2, 6) and the length of
perpendicular = (/1 1
OR

The given lines are

r=i+ A (i+2j—k) o (i)
and =i+ (i jm2k) oo (ii)
. . 1
Note that line (i) passes through the point (1, 1, 0) 5
o : 1
and has 4.r’s, 1,2,-1, and line (ii) passes through the point (1, 1, 0) E

and has 4r’sg,—1,1,-2

Since the required plane contain the lines (i) and (ii), the plane is parallel to the
vectors

b=i+2j—k and c=—i+ j—2k

Therefore required plane is perpendicular to the vector px ¢ and 1
i ]k

bxc=|1 2 —1|=-3{+3]+3k |
-1 1 2
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Hence equation of required plane is
(r-a).(bxc)=0 1
r-{i j) (33 %) 0
rf~ j KO

and its cartesian formis—x+y+z=0 2

Distance from (1, 1, 1) to the plane is

[L-D+1.1+1.1]
—unit

JE) 12412 B

28. Letx denote the number of kings in a draw of two cards. Note that x is a random
variable which can take the values 0, 1, 2. Now

481
48
_ C, 2!(48-2)! 48x47 188
P(x=0)=P(noking) = 52C2= BT TSl Ty |
2 v 221
21(52-2)!

P (x = 1) =P (one king and one non-king)

_ 0 x48C, _4x48x2_ 32
“C, 52x51 221

‘C, _ 4x3 1
2C, 52x51 221

and P (x =2) =P (two kings ) =

Thus, the probability distribution of x is

20/04/2018



334  MATHEMATICS

X 0 1 2
P(x) 188 32 1
221 1221 (221

Now mean of x=E(x)=Zx,- P(x;)

i=1

188 32 2x1 34
= O0X—+IX—F —=——
221 221 221 221

Also EC)= p(xi)

i=1

32 , 1 36
X——+2"X—=—r—
221 221 221 221

36 34 7 6800

Now var (x) = E (x?) — [E(x)?*] zﬁ_ 221 (221)2

Therefore standard deviation , /Var(x)

6800

221

=0.37

29. Let the mixture contains x kg of food I and y kg of food II.
Thus we have to minimise

Z =50x + 70y
Subject to
2x+y>8
x+2y>10

x, y>0
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10

\
~

4 21
2
2
0
The feasible region determined by the above inequalities is an unbounded
region. Vertices of feasible region are
1
A (0,8) B (2,4) C(10,0) 5
Now value of Z at A (0, 8) = 50x0+70x8=560
B(2,4)=380 C(10,0)=500
As the feasible region is unbounded therefore, we have to draw the graph of
1
50x + 70y < 380 1i.e. 5Sx + 7y < 38 2

As the resulting open half plane has no common point with feasible region thus the
minimum value of z =380 at B (2, 4). Hence, the optimal mixing strategy for the
dietician would be to mix 2 kg of food I and 4 kg of food II to get the minimum cost
of the mixture i.e Rs 380. 1
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ESIGN OF THE QUESTIO
PAPER

MATHEMATICS - CLASS XII
Time : 3 Hours
Max. Marks : 100

The weightage of marks over different dimensions of the question paper shall
be as follows:

(A)Weightage to different topics/content units

(B)

©)

S.No. Topic Marks

1. Relations and functions 10

2. Algebra 13

3. Calculus 44

4. Vectors and three-dimensional geometry 17

5. Linear programming 06

6. Probability 10
Total 100

Weightage to different forms of questions:
S.No. Form of Questions Marks for Total No. of  Total
each Question Questions Marks

1. MCQ/Objective type/VSA 01 10 10

2. Short Answer Questions 04 12 48

3. Long Answer Questions 06 07 42
Total 29 100

Scheme of Option
There is no overall choice. However, an internal choice in four questions of
four marks each and two questions of six marks each has been provided.

Blue Print
Units/Type of Question MCQ/VSA S.A. L.A. Total
Relations and functions 2(2) 8(2) - 10 (4)
Algebra 303) 4(1) 6 (1) 13 (5)
Calculus 2(2) 24(6) 18(3) 44 (11)
Vectors and 3-dimensional
geometry 3@3) 8(2) 6 (1) 17 (6)
Linear programming - - 6 (1) 6 (1)
Probability - 4 (1) 6 (1) 10 (2)
Total 10 (10) 48 (12) 42 (7) 100 (29)
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Section—-A
Choose the correct answer from the given four options in each of the Questions 1 to 3.

1. If % is a binary operation given by x: RXx R = R, a * b = a + b?, then —2x5 is

(A) =52 B) 23 (C) o4 (D) 13
T 37 1
2. Ifsin':[-1, 1] > | 5>~ |is a function, then value of sin™| = |is
= - L n
(A) T¢ (B) s © s D p

9 6 2 3)\(3 0
3. Given that 3 0F11 oll1 2 . Applying elementary row transformation

R, = R -2 R, on both sides, we get
3 6) (2 3)(1 —4 3 6) (0 3)(3 0
Al3 0)=11 0|1 2 B 13 0]=|1 of|1 2
3 6) (2 3)(3 0 3 6) (=4 3)(3 0
© 13 0o]=|1 0o]|=3 2 D 13 o= 1 o1 2

4. If Ais a square matrix of order 3 and IAl = 5, then what is the value of 1Adj. Al?

5. If A and B are square matrices of order 3 such that IAl = -1 and IBl = 4, then
what is the value of I3(AB)I?

3
1+ ﬂ d2 Yy i
6. The degree of the differential equation dx | |7| 42 is .

Fill in the blanks in each of the Questions 7 and 8:

dy
7. The integrating factor for solving the linear differential equation * dx V= x?

is
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10.

11.

12.

13.

14.

MATHEMATICS

2 .
is

Al

J

i—

The value of

What is the distance between the planes 3x + 4y -7 =0 and 6x + 8y + 6 = 0?7

If 4 is aunit vector and (x— a). (x +a)= 99, then what is the value of | x |?

Section-B

Let n be a fixed positive integer and R be the relation in Z defined as a R b if
and only if @ — b is divisible by n, V a, b € Z. Show that R is an equivalence
relation.

Prove that cot™'7 + cot™'8 + cot'18 = cot™!3.

OR
. -1 -1 432
Solve the equation tan” (2+x)+tan” (2—x)=tan g, —J3>x> \/g .

x+2 x+6 x-—1
Solve forx, |[x+6 x-1 x+2|=0
x—1 x+2 x+6

OR

1 2 1 -1 2 .
IfA= 3 4 and B = 3 2 3 , verify that (AB) =B" A”.

Determine the value of k so that the function:

k.cos 2x
modx o LT
f&x) = 4
: if x= 2
4
o
18 continuous atx:Z.
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16.

17.

18.

19.

20.

21.

22.
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dzy d

Ify= oo , show that (1 — x?) T_X—y—azy=0-
d x X
i ; . b
Find the equation of the tangent to the curve x = sin3¢, y = cos2t at r = Z )

Find the intervals in which the function f (x) =sin*x + cos*x, 0 < x < 5 , 18

strictly increasing or strictly decreasing.

n
Evaluate _[ 6 sin® x cos’xdx

0

3x+1

Evaluate j22—2+3 X
X —zX

OR

Evaluate Jx. (log x)*dx

Find a particular solution of the differential equation

x X

2y e’ dx + (y-2 xe;) dy =0, given that x = 0 when y =1.
If q=2{-2]+k, b=i+2j-3k and c =2{— j+4 k, then find the projection
of b+ calonga .

Determine the vector equation of a line passing through (1, 2, —4) and
perpendicular to the two lines r=(8/ —16 ]+ 10k)+A(3i-16 j+ 7k) and
(A58 +29j+5k)+u(3i+8]—5k).

There are three coins. One is a biased coin that comes up with tail 60% of the
times, the second is also a biased coin that comes up heads 75% of the times

and the third is an unbiased coin. One of the three coins is chosen at random and
tossed, it showed heads. What is the probability that it was the unbiased coin?
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23.

24.

25.

26.

27.

28.

MATHEMATICS

SECTION-C
4 1 3
Find A-!, where A = 21 ! . Hence solve the following system of
31 =2

equations4 x+2y+3z=2 x+y+z=1,3x+y-2z=5
OR

Using elementary transformations, find A, where

1 2 =2
A=|-1 3 0
0 -2 1

Show that the semi-vertical angle of the cone of maximum volume and of given

slant height is tan"'v/2 .

Evaluate J.i Bx* +2x+5) dx by the method of limit of sum.

Find the area of the triangle formed by positive x-axis, and the normal and

tangent to the circle x> + y* = 4 at (1, /3 ), using integration.

Find the equation of the plane through the intersection of the planes
x+3y+6=0and 3 x-y-4z=0and whose perpendicular distance from origin
iS unity.

OR

Find the distance of the point (3, 4, 5) from the plane x + y + z = 2 measured
parallel to the line2 x =y =z

Four defective bulbs are accidently mixed with six good ones. If it is not possible
to just look at a bulb and tell whether or not it is defective, find the probability
distribution of the number of defective bulbs, if four bulbs are drawn at random
from this lot.
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A furniture firm manufactures chairs and tables, each requiring the use of three
machines A, B and C. Production of one chair requires 2 hours on machine A, 1
hour on machine B and 1 hour on machine C. Each table requires 1 hour each
on machine A and B and 3 hours on machine C. The profit obtained by selling
one chair is Rs 30 while by selling one table the profit is Rs 60. The total time
available per week on machine A is 70 hours, on machine B is 40 hours and on
machine C is 90 hours. How many chairs and tables should be made per week
so as to maximise profit? Formulate the problems as a L.P.P. and solve it
graphically.
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Marking Scheme

Section-A
1. (B) 2. (D) 3. (B)
4. 25 5. -108 6.2 7. i Marks
8.2 9. 2 Units 10. 10 1x10=10
Sections-B
11. (i) Since a R a, v a € Z, and because 0 is divisible by n, therefore 1

R is reflexive.

(i) a R b= a - b is divisible by n, then b — a, is divisible by n, so b R a.
Hence R is symmetric. 1

(iii) Leta R b and b R ¢, for a,b,c, € Z. Thena-b=np,b-c=ngq,
for some p, g e Z

Therefore, a—c=n(p + ¢q)andsoaR c. 1
Hence R is reflexive and so equivalence relation. 1
12. LHS =t “l+t “l+t 0L 1
. = tan - an g an 13
1,1
— -1 7 8 —li_ tan_l E -li
= tan 1_11+tan T 55 + tan 13 1
7°8
3,1
1 11 18 65
— -1 — o -1 —_ e .
= tan 11+t:':1n 18—tan 1_3 1 =tan 195 1
11 18
1
= tan“g = cot'3 = RHS 1
OR
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2
Since tan! (2 + x) + tan"! (2 — x) = tan™ 3
C+x)+2-x) 2
Therefore, tan™ 1—2+0 2-x) = tan™ 3 1v2
Th 1.2 1%
us RT3 )
= x*=9 =>x=%3 1

x+2 x+6 x-1
13. Given, |x+6 x—-1 x+2/=0
x—-1 x+2 x+6

R. SR, —R x+2 x+6 x-1
Using ’ P we get | 4 =7 31=0 1%2
R,—R,-R’
-3 -4 7
C C —C x+2 4 3
Using ’ r weget| 4 —11 -1/=0 1%2
C,—->C,-Cp
-3 -1 10

Therefore, (x + 2) (-111) -4 (37) -3 (-37) =0

7
which on solving gives x = 3 1

OR
1 2Y (1 -1 2) (7 3 -4
AB=13 4] 13 2 =3]=|15 5 =6 1
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7 15
_ ,_| 3 5
Therefore, LHS = (AB)" = 1
—4 -6
1 7 15
-1 2|t 3) |3 s
RHS=B" A’ = o a4l|= and hence LHS = RHS
2 -3 -4 -6
1+1
. . . T lim
14. Since f is continous at x = Z , we have ~ 7 f(x)=5.
x—=
4
T
) kcos2(——y)
lim £ (x)  Jim&C%2% i 4 T
oW ,E = T og—4x  y-0 T , where ——x =y, 1
3 - T-4(C - ) 4
4
kcos(X—2y)
_ lim FESH T him (ksin2y) & |
y—=>0 n-mn+4y y—0 2.2y 2
k
Therefore, 3 =5 =k=10. 1

acos™ x d y:eacosflx (_a)

dx e ”

15. y= €

Therefore, I-x" —=—ay....»1) 1

Differentiating again w.r.t. x, we get
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> d’y _x dy _ ady .
e o dv | dx 17

1-x

2
S1- Y W e v
dx dx dx
=—a(—ay) [froml]] %3
dy dy
H 1-x*)— —x— —a’y=0. %
ence ( )dx2 I y 5
d d .
16, =+3cos3t, = = ~2sin2s 1
dt dt
dy  2sin2t (dy ‘28“% NG
Therefore,—=—3 3 ,an [d—j = == = 3 .
cos 3t X |_=
=, 3cos3— 3.(—=
Al —'3t—'3£—L d 2t z
S0 x =sin3t =sin RRNG) and y = cos =0052=0,
(1,
Therefore, Point is \/5’ 1
22 1
H ti ft ti —-0=—— |*—F
ence, equation of tangent is y — 0 3 [ \/Ej
22 x-3y-2=0 1
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f'(x) = 4 sin’x cosx — 4 cos’x sinx
= — 4 sinx cosx (cos’x — sin’x)

= — sin 4x . Therefore,

, T
f(x)=0=>4x=n7'C=>x=nZ

T
Now, for 0 < x < Z

I (x) <0
L . T
Therefore, f is strictly decreasing in ( 0, Z)

T T

Similarly, we can show that f is strictly increasing in ( 12

)

I

17. 1= jog sin*x cos’x dx

T
< - 4 .2
=j06s1n x(1-sin"x) cos xdx

1
=j2t4(1—t2) dt, where sin x = ¢
0

1

1 5 7 |7

_ >y 4 6 _ t _t 2
_J-Oz([ —[)df—|:g 7i|

0

CAfiY_afry_ a1 1) 23
502 VAW 3215 28 4480

1Y2

%)
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18. I=J'

3x+1

2x* —2x+3

___[ 4x -2
2x* 2x+3

3 5
=Zlog 12x* —2x+31+=
4 g 4-[

:%10g 122" —2x+31+> = tan

=§logl2x2 —2x+3|+§ tan

DESIGN OF THE QUESTION PAPER SET-II 347

(4x 2) +—

_[4 2 e

2x* —2x+3

dx
2 2
YL [
2 2
a 2x—1+c
445 Js
. 2x—1+c
J5
OR

I= _[x(log x).dx =_[(log x) x dx

2 1x2
=(lo xzx—— 2logx— —dx
(log 0)* -~ [ 2logx— =

2
- 2_
== (logx) [logx. x dx

=—(10gx) —[logx ——j— — d }
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X2 xz x2
5 (log x) ) g 2

19.  Given differential equation can be written as

X

dr_2ve’ -y 1
dy x 1
g 2y.e’ >
Loy srmy s oy 1
Putting — = = ax _ dv 1
utting y 4 o !
Therefore, v+ yﬂ: 2vye’ —y _ 2ve’ -1 1
dy 2ye’ 2¢" 7
y dv _2ve' -1 )
dy 2¢" 1
Hence 2evdV:—ﬂ
y
= 2¢"=—loglyl+c |
Of 207 = _loglyl+c
whenx=0, y=1
=C=2
Therefore, the particular solution is Ze; =—loglyl+2 5
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20, b4ce=(G+2]-3k)+Qi-j+4k)=31+]+k 1
a=2f—2}'+l€

(b+c).a " 1

Projection of (b +¢) along a = T
a

6-2+1

5
\/m - 3 units 1+1
21. A vector perpendicular to the two lines is given as

ik
(3i-16 j+7k) x Bi+8 j-5k) =3 -16 7 =
3 8 -5 2
=247+36] +72k or 1227 +3 ] +6k) 1

Therefore, Equation of required line is

r=G+2j-4k)+A(20 +3] +6k) 17

22. LetE;: selection of first (biased) coin
E,: selection of second (biased) coin

E,: selection of third (unbiased) coin

N | =

1
PE) = PE,) = PE) =7

Let A denote the event of getting a head
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o[A) 40 AV 75 A} 1
Therefore, E, =E’ E, 100 ° E, =E 15

A
P[&) P(E3)P[E3]
AT A A A
P(EI)PEElJ+P(E2)P£EZJ+P(E3)P£E3J
11
32 _10

1 40 1 75 1 1 33
et —+-.=
37100 37100 3 2

SECTION-C

23. 1AI=4(3)-1(-1N+3(-1)=-12+7-3=-8

A =3 A

1=

7 As=-1

n=

A, =5 A,=-17 A =——

21 —

A== A,=2 A.- 2

31— 32— 33—

! ) 5 =2
Therefore, A~! = — g 7 =17 2
-1 -1 2

Given equations can be written as

4 2 3)\(x) (2
11 1y|
31 2]lz) |5

| =

N | =
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= A.X=B=X=(A" )B 1
=(A"YB
by | -3 7 -1 2
=y =_§ 5 17 -1
Z -2 2 2 5
1
-6 +7 -5= -4 2
Lo 217 5= 2= 3
8 2 1—
-4 +2 +10= 8 )

Therefore x—l —é z=-1 l
s 2 s y 2 ) 2
OR
1 2 =2 1 00 1
Writng A=|-1 3 0 [=|0 1 0| A 5
0o 2 1 0 0 1
1 2 =2 1 00
R,—->R,+R, =0 5 2|=|11 0| A |
0o -2 1 0 01
1 2 =2 1 00
R,—>R,+2R,;= |0 1 Ol=|11 2|A 1
0 -2 1 0 01
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12 =2) (1.0 0
R,>R,+2R,= [0 1 0|=[1 1 2 |
00 1] (225
12 0 5 4 10
R,>R,+2R,= |0 1 0|=|1 1 2|A |
00 1) (22 5
10 0 32 6
R,>R,-2R,= |0 1 0|=[11 2|A |
00 1] (225
32 6
SAT=(1 1 2 1
2 25 2
24. Vol . >
. Oumev—v—3 2
1_
- 2
Poh s .
2
I T L P,
3 3 ho\l
DT a2 =
RE 2
N
I=\3h. r= 2n Fig. 2.1
tan0c=%=\/§
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o = tan™'/p
2
d—§=—2nh<0 1
dh
Therefore, v is maximum

25. 1=f(3x2 +2x+5)dx=jl3f(x)dx
=GmA[f )+ f A+ )+ F 420+ oot fA+ =D (i) 1

3—-1
where h=——=
n

S |

Now

f)=3+2+5=10

fA+h)=3+30" +6h+2+2h+5=10+8h+3h

fA+2h) =3+12h% +12h+2+4h+5=10+8.2.h+3.2° K’ 1=

fd+(m-Dh) =10+8(n—1) h+3(n—1)>.n"

I= limh[10n+8h

n—o0

n(n—1)+3h2 n(n—l)(2n—l)} 1
2 6

n—eo n 2 n 6

_ lim2 [10n+E"("_D+% ”("_1)(2”_1)}
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_ lim2 |:10n+8(n—l)z(n—1) (2n—1)} 1
n—oo n n 2

= lim2 |:10+8(1 —l)+2(l—l) (2—1)} 1
n—yo0 n n n

N | =

2[10+8+4]=44 “ ‘&&

///—é (1.V8)

. 5o .

26. Equation of tangent to x*+ y*=4 at (1,\/5) 18 QJ A 4\};
g@qt

X+ \/§ y =4. Therefore, y = 4\/_; roas 1
Equation of normal y =\/§ x 1
1 44—x
Therefore, required area = _[0\/§ xdx +_L NE] dx 1
2\ 2 Y
1 X
=3 ol =lax-2
2 3 2 1
V3o, 77 V3. 33
=y |g—— =22+ f3 i
RN 2} > > $q. units 2
27. Equation of required plane is
1
x+3y+6)+A(Bx—-y—-47)=0 15
1
= (1+30)x+B-N)y-4Az+6=0 5
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Perpendicular distance to the plane from origin is

6
=1 1
Therefore, \/(14_3/1)24_(3_/1)24_(_4/1)2 1
or  36=1+9AM+6A+9+A—6 A+ 16 A7
or  26A=26 = A==l
Equations of required planes are
1
4x+2y-4z+46=0and 2x+4y+4z+6=0 15
or2x+y-2z+3=0andx-2y-2z-3=0 1
OR
. .. . X _ Yy _ 2
Equaiton of lineis 2x=y =z i.e. T:T:T
2
x_y_z .
T2 2
(3.4,5)

)(f}H‘Z -2=0

Fig. 2.3
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Equation of line P Q is

or

28.

x=3 y-4 z-5
1 2 2

=Q(A+3, 24 +4,24+5)lies on plane. Therefore,

1
A+3+24+4+24+5-2=0 15

5A=-10 gives A =-2 which gives the coordinates of Q(l, 0, 1)

1
Therefore, PQ =+/4+16+16 = 6 units 15

Let x denotes the number of defective bulbs

‘C, 6543 1
UC, T 109.87 14 !

P(X=0) =

bx1) = °C,'C, _65.44. 48 |
Yc, 109.8.7 21

°C,°C, 65.4.3
°c, 109.87°

P(X=2) = % 1

X3 - C,°C,_ 6432 , 4 1
°c, 109.8.7° 35

‘c, 4321 1
YCc, 109.8.7 210

P(X=4) =

Therefore, distribution is
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X

P(X):

14

21

2
3
7

35

29. Let number of chairs to be made per week be x and tables be y

Thus we have to maximise P=30x + 60 y

Subject to

2x+y<70

x+y<40

x+3y<90

x 20y=20

Vertices of feasible region are

Fig. 2.4
A (0,30), B (15, 25), C(30,10), D (35,0)

P (at A) =30 (60) = 1800

P (at B) =30 (15 + 50) = 1950

N | =
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P (at C) =30 (30 + 20) = 1500 1=

P (at D) =30 (35) = 1050

P is Maximum for 15 chairs and 25 tables.
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12.

14.

17.

21.

22,

23.

)

(ANSWERS)

1.3 EXERCISE

(b,b), (¢,c), (a,c)
[_595]
4x* +4x-1

-1 x+3

X)=———

(=2
4 (b.a).(d,b).(a.c).(c.d)}
F(f(x))=x* =67 +10x* =3x
a=2,p=-1
(i) represents function which is surjective but not injective
(i) does not represent function.
fog={(2.5).(5.2).(L5)}
(1) f1is not function (ii) g is function (iii) 4 is function (iv) k is not function

1

~1

3
Domainof R ={1,2,34, ..... 20} and
Range of R = {1,3,5,7,9, ..... 39}. R is neither reflective, nor symmetric and nor
transitive.
(1) f is one-one but not onto , (ii) g is neither one-one nor onto (iii) 4 is bijective,

(iv) k is neither one-one nor onto.

(1) transitive (ii) symmetric (iii) reflexive, symmetric and transitive (iv) transitive.

[(2.5)]=4(1.4).(2.5).(3.6).(4.7)(5.8).(6.9)}
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25.

26.
27.
31.
35.
39.
43.

47.

49.

50.

51.

53.
57.
61.

MATHEMATICS

(i)(fog)(x)=4x2 —6x+1

(ii)(gof)(x)=2x2 +6x-1

(iii) (fof ) (x)=x" +6x" +14x* +15x +5

@iv) (gog)(x)=4x -9
(i1) & (iv)

() 28. C
B 32. B
C 36. B
B 40. B
C 44. B
B 48. R=

29.
33.
37.
41.
45. D

{(3.8), (6.6), (9,4), (12.2)}

> O » W

30.
34.
38.
42.
46.

> > > N U

R={(1,1),(1,2),(2.1),(2,2),(2.3), 3.2), (3,3), 3:4), (4.3), (4.4, (5,5)}

gof =1(1,3),(3,1),(4,3)}and fog =1(2,5),(5,2),(1,5)}

X

(fofof)(X)= m

1

52. fH(x)=7+(4- x)g

False 54. False 55. False
True 58. False 59. False
False 62. False
2.3 EXERCISE
0 2. 1 4. =
B 12
0, -1 8 E 11 _—3 g
T " 15 T 44

56. False
60. True

w3
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13.

20.
24.
28.
32.
36.

38.

42.

46.

49.
53.

tan™' 4 X 17

3 .
C 21.
A 25.
A 29.
D 33.
A 37.
2n 19
3 .
kid 43
3 .
21,21 47.
False 50.
True 54.

T an_al

4 19. 1+aa,
D 22. B 23.
A 26. B 27.
B 30. A 31.
B 34. A 35.
A
2n
5 40. 3 41
2n
— 44. 0 45.
3
xy>-—1 48. m—cot™'x
False 51. True 52.
False 55. True

3.3 EXERCISE

ANSWERS 289

ovieNw

True

1. 28x1,1x28,4%x7,7x4,14x%x2,2x 14.If matrix has 13 elements then its order
will be either 13 x 1 or 1 x 13.

(8]

<

- (1) 3x3, (i) 9, (iii) ay,=x*~y,a;,=0,a,,=1

S |-
N N \©o

®

e*sinx e*sin2x
e sinx e sin2x

eFsinx e sin2x

i) X+Y=[5
12

14
(i1) 1 2
5. a=2,b=2
2 2 Gy 2X-3Y= 0
01 () -1

6. Not possible

-1 1
-10 -18
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5 -2 2
(i) 2=| _}, 0 -1

8. x=4 10. -2, — 14

-1 2 3

A*l
11. 7 1 5

1
12.A= 1
13. A=[-121]

9 6 12
12 9
15. AB= BA=|7 8 16 18. x=1,y=2
12 15
4 5 10

X_—2OY_21 k k k
19. B Y e AN 20. 2 2k 2k etc.

where k is a real number
24. A=[-4] 30. True when AB = BA

117 -3
37. () 215 1 (i) not possible

38. x=2,y=4 or x=4,y=2,72=-6,w=4

24 -10 Al 187 -195
9. o8 33 4. %7 156 148
1 2 -5
41. a=2,b=4,c=1,d=3 42. 34 0
18 8
43. 16 18 44 .True for all real values of o

45. a=-2,b =0,c=-3
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51.

52.

53.
57.
61.
65.
69.
72.
74.

76.
78.

79.
82.
86.
90.
94.
98.

ANSWERS 291

L S e
2 6 3
-7 -9 10 3 -1 1
@ |72 75 171 i) inverse does notexist Giiy | 1> ¢ 7
1 1 -1 5 =2 2
2 2 Bl 0 1 =3
2 2
2 -1 3 +(-1 O 1
2 2
503, 3
12 2 1L 2 ]
A 54. D 55. B 56. D
D 58. D 59. A 60. B
C 62. D 63. A 64. A
D 66. D 67. A 68. Null matrix
Skew symmetric matrix 70. -1 71. 0
Rectangular matrix 73. Distributive
Symmetrix matrix 75. Symmetrix matrix
)B’A” (i) kA" (iii) k(A"-B’) 77. Skew Symmetric matrix
(1) Skew symmetric matrix
(i) neither symmetric nor skew symmetric matrix
Symmetric matrix 80. AB =BA 81. does not exist
False 83. False 84. False 85. True
True 87. False 88. False 89. True
False 91. False 92. False 93. False
True 95. False 96. True 97. False
True 99. False 100. True 101. True
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12.

19.
24.
28.
32.

36.

40.

44.
46.
49.
53.
57.

13.

17.

20.
22.

Not differentiable at x =2

25.

—(log2)-sin2x

MATHEMATICS
4.3 EXERCISE
X=X +2 2. ?(a+x+y+2) 3. 2x%373
3(x+y+2) (xy+yz+zx) 5. 16 Bx+4) 6.(a+b+c)
n( 7
O=nn ornm+(-1) [g] 13. x=0,—12  18.x=0,y=-5,7=-3
x=1,y=1,z=1 20, x=2,y=-1,z=4
C 25. C 26. B 27. D
C 29. A 30. A 31. A
C 33. D 34. D 35. D
1
B 37. C 38. 27|A| 39 Ta|
1
Zero 41. 5 42. (A™H? 43. 9
Value of the determinant 45. x=2y="7
OG-20(@Z-x)(-—x+xy2) 47. Zero 48. True
False 50. False 51. True 52. True
True 54. False 55. True 56. True
True 58. True
5.3 EXERCISE
Continuous at x =1 2. Discontinuous 3. Discontinuous 4. Continuous
Discontinuous 6. Continuous 7. Continuous 8. Discontinuous
) . 7 1
Continuous 10. Continuous 11. & =5 12. k =5
k=-1 14. k==%1 16. a=1,b=-1
. ) - . ) 1
Discontinuous at x = —2 and X =7 18. Discontinuous at x = 1, 5 and 2
Not differentiable at x =2 21. Differentiable at x =0

. 20052 X
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X

cos \/; sin 2\/;

29. NN 30. n(2ax+b)sin"" (ax2+bx+c)cos(ax2+bx+c)

8" 8 _ >
26. _8[10538_;} 27. [ 2.4 28. xlog(xs)log(logxs)

31. 2\/_1? sin (tanx/ﬁ)secz(\/ﬁ)
X

1
32, 2xcos(x) +2xsin(24% )+sin2x 33, 2x(x+1)

2
)cosx COS x

34, (sinx :
sSin x

—sinx.logsinx 35 in™ xcos” x (—ntan x+mcot x)

36, (x+1)(x+2)° (x+3)° 9x> +34x+29

1 1
37. -1 38. — 39. — 40. -1
2 2
41 = 42 3 43 = 44 gl
Col=x Toat+ it BRY) P |
o[ 03 +07+0+1
o 20| 2L T
45. 03+02+0-1 46. cot O 47. 1
48 51— s, BREZX gy ]
. t . \/g . Sinzx . 2
< 2xy” -y’ cos(xy)—y o y—sec(x+ y)tan(x+y)
" xytcos(xy)-x+y’ " sec(x+y)tan(x+y)—x
-X y—4x3 —4xy2
_ L A= - 3
56. y 57. Ay +4y° — x 64. —2sinycos’ y

70. Not applicable since f'is not differentiable at x = 1
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71.

79.

84.
88.
92.

96.

100.

104.

12.

18.
26.

27.

MATHEMATICS
71 3,
(7,-2) 72. (2,-4) 7. 33 78. o
sec’ xlo +tanx + X
p:3’q:5 82, xtanx xlogx P \/5\/_x2+1 83. D
C 85. B 86. A 87. A
A 89. C 90. B 91. B
A 93. A 94. B 95. A
2 il
B 97. |x|+|x-1| 98. 9. 7
NEES
B 101. -1 102. False 103. True
True 105. True 106. False
6.3 EXERCISE
T
8 m/s 4. (\/2—\/5)" unit/sec. 5. 9=§ 6. 31.92
2
0.0187cm? 8. 2; m/s towards light, —1 m/s
2000 litres/s, 3000 litre/s 11. 2x* =3x+ 1
(a2
k=38 14. (4,4) 15, tan 7 17. x+3y= %8

(3,2),(-1,2) 23. (1,-16), max. slope = 12
x =1 is the point of local maxima; local maximum = 0
x = 3 is the point of local minima; local minimum = - 28

x =0 is the point of inflection.

Rs 100 30. 6cm, 12 cm, 86477cm’
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2 4 1+27‘E
. Zx =
31. 1:1 33. Rs 1920 34. 3 27
35. C 36. B 37. A 38.
39. D 40. A 41. A 42.
43. B 44. B 45. C 46.
47. D 48. A 49. B 50.
51. A 52. C 53. B 54.
55. B 56. A 57. B 58.
59. C 60. (3,34) 61. x+y=0 62.
63. (1, ) 64. 2ab
7.3 EXERCISE

11.

13.

15.

16.

2
%— x+310g|x+1|+c

tan5 X
5

X
tan—+C 7.
2

—200sf +2sin£+c
2 2

—afcos | — 1+ ,[I-— [+c
a a
3
—1[ 1 jz
— 1+—2 +c
3 X

1 ., 4-3
—S1n —_—

V2 3
3Wx* +9-log

+c

x+vVx*+9

+c

3
4. x?+c 5.10g|x+ sin x|+c

tan3x
+c 8. x+¢

10. 2{

b [x3/4_10g

14 lsin_l 3_x+c
3 4

1+ x4

ANSWERS 295

"o " HlwiNe!

—_

—oo,—l)

x;/;—§+\/;—log‘\/;+lﬂ+c

3

]+c
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17.

18.

20.

22.

24.

26.

28.

32.

35.

36.

38.

40.

MATHEMATICS

x—1

5-2x+x*+2log

%{log‘x2 —1‘—10g‘x2 + 1‘}+c

1. .
— Es1n2x+s1nx +c 23.
3
Esin_1 x—3+c 25
3 a
I i,
—sec  (x7)+c 27.
2
2 -1, 7
e2 -1 29, tan e—— 30.
4
T
J2-1 33. E 34.
l10 - +£tan_1i+c
7 Clx+2| 7 J3
! atan' = — btan_lﬁ +c 37
a’ - b? a ’
x-3
log . rte 39.

(x=1)6 (x+2)3

X 1 X X 1 X
a{—tan ,/— —,f— +tan 1{— :|+C 41.
a a a a

x—1+4/5-2x+x>

19.

2
x;a«ﬂax—xz +a?sin_1 [ﬂ)+c 21.
a

+c

1+x

4 & 1-x
-

xsin~ x

2

——tan x+c
2

N

+log

1-x

tanx —cotx —3x + ¢

.2sinx+x+c¢

tan” "

xe +c

N | W
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42.

43.

44.

48.
52.
56.

60.

13.

17.

20.

24.

—3x

[sin3x—cos3x]+

3
3"

ANSWERS 297

[sinx—3cosx]+c

1 |tanx—\/2tanx+l

Ltan_l tanx—1
V2 \/2 tan x
T a’+b*

4 —a3 e 45
A 49.
D 53.
D 57.

ex
+c 61.
x+4

1 .

—sq.units 2
L

) $q.units

is units

3% 10

! i 14

6 Sq. units
4 sq.units 18.
6 sq.units 21.
C 25.

+ lo
2x/§ £ ‘tanx+\/2tanx +1 +c

3 1 n, 1
. —log3 46. — log— 47. —log—

g ° 2 %2 4 %2

C 50. A 51. C

C 54. D 55. D

A 58. D 59. e-1

1 0 -1 tan”! 2cosx ‘e

> . —\/g NG 63.0

8.3 EXERCISE

4 5 . . 16 :
-3 D" sq. units 3. 10sq.units 4. ?sq.unlts

9 . 32 . .
. Esq. units 7. 3 sq. units 8. 27 sq.units

_ 16 : na’ .

. 96 sq.units 11. ?sq.unlts 12. e sq. units

9 8 .
- 5. units 15. 9squnits  16. 2 3 sq.units

15 4

54 units 19. 5(\/3+2n)a2 $q. units

15 . .

5S4 units 22. 8sq.units 23. 15 sq.units

D 26. A 27. B
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28. A 29. A 30. D 31. A
32. B 33. A 34. C
9.3 EXERCISE
d*y e®+9
1. XDV = 2. —=0 3.
2 2 k dx* 2
2 1 X 1
x =1)==lo +k o x=x
4 )’( ) 5 g(x_i_l) 5. y=ce
6. (a+m)y=e™ +ce™ 7.x—c)er+1=0
2
- =tan x+— = ( 2 ) 1
8. y=kxe 2 9.y 5 10. x=y\y" +c) 11. 3
d*y dy 2 2\dy
13, (1-x")——x—-2=0 14. (¥*=y*)= —2xy=0
( )dx2 dx ( Y )dx v
y= 453 a2y .
= 2 |= +
15. 3(l+x2) 16. tan [x] 0g|x| ¢
o o -1 X
17. 2xelan y:eZlan Y+e 18. tan [;)+logy:c
. —cos2x 3
19. x+y=ke™ 20. x2(y+3) =2 21. ysinx=——_——" 3
, N Lo 1 )2 2)_
22, xyy"+x(y) —yy'=0 23. g(tan x) +log(1+y?)=c
dy 2sinx 2cosx xlogx x
. -+(y-2)—=0 .y=-—cosx+ + + ——+cx
24, (x=D+(y-2)— 25.¥ PR 3 9
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26. x(siny+cosy)=siny+ce™”

5g y=— 3sin2x+2cos2x e
13

30. (y=1)(x+1)+2x=0

32. xy=1 33. log[g}cx

36. A 37. C

40. C 41. D

44. D 45. B

48. C 49. D

52. B 53. B

56. C 57. B

60. C 61. C

64. C 65. A

68. C 69. C

72. A 73. C

76. (i) not defined (i1) not defined

77

d
(iv) 2+ py=Q
dx
(vi) L
vi) y=—
Y 4

(viii) xy = Ae”

(X) x=csecy

. (1) True
(v) False
(ix) True

(i1) True
(vi) False
(x) True

27.

29.

31.

34.

38.
42.
46.
50.
54.
58.
62.
66.
70.
74.
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X+
1+ tan Y

log

Z(XZ - y2)=3x

kezx(l—x+ y)=1+x_y

w)

35.

a

39.
43.
47.
51.
55.
59.
63.
67.
71.
75.

W > OO0 > W > m > W

~
—
=
=

N—’
W

v e <[ (Ql xel " )dy+c

(vii) 3y (1+x7)=4x" +¢

(ix) y=ce " + sinx cosx
2 2
(x1) <
X
(ii1) True (iv) True
(vii) True (viii) True
(xi) True
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10.

11.

16.

18.

19.
23.
27.
31.

34.

35.

39.
43.

MATHEMATICS

%(2i+j+2k) 2. (i)

%(—2i+ 3j- 6k) 4.

-5
7

2| W

2
7’

cC=

;4i,6,—12k 8,

10.3 EXERCISE
Loy, . N
§(2Z+]—2k) (i) ﬁ(1+6k)
3b2‘“ 5. k=2 6. *2(i+j+k)
. . COS_I ;
-2i + 4j + 4k 9. \/R

Area of the parallelograms formed by taking any two sides represented by @, and

¢ as adjacent are equal

2
Nzl 12. /21 13.
e axb+bxXc+cXa

‘axb+b><c+c><a‘ 17.
1
—|5i +2j+2k
(5 +25+2¢)
C 20. D 21.
D 24. A 25.
D 28. A 29.
C 32. C 33.
If 7 and p are equal vectors

b4

0 36. 7 37.
3 40. 4, 41.
True 44. False 45

274

2
J62

2
C 22. B
D 26. D
C 30. A
B

2

ke]—l,l[k;t—%?as. laf ]3]

True 42. True

. False

11.3 EXERCISE

5i+5v2 45k 2. (=D)i +(+2)] +(z -3) k = A3] - 2] + 6k)

-1,-1,-1)
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4.

9.

11.

14.

15.

17.

19.

20.
24.

26.
31.

35.

38.

40.

42.
46.
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419

COSl[EJ 7. x+y+2z=19 8. x+y+z=9
3x-2y+62-27=0 10. 21x+9y—-3z-51=0
Xy z X 'y z

—:—:—and—:—:— . °

1 2 -1 -1 1 =2 1260
ax+by+cz=a*+Db*+ 14. (1, 1)

15° or 75° 16. (2,6,-2) 35

7 18. 6
(x=3)] +y] + @z -Dk = A(=27 +] +3k)

18x+ 17y +4z=49 21. 14 22. 51x+ 15y -50z+ 173 =0
4dx +2y—4z7—-6=0and 2x+ 4y +4z-6=0

3 +8]+3k,— 30 — 7]+ 6k 29. D 30. D

A 32. D 33. D 34. A

Xy z
D 36. 37. —+=+—=1
C 2 3 4
2 2 -1 N N N A N
333 39, (x=-5)i+(y+4)j+(z-6)k=A3i + 7] +2k)
(x=3)i +(y—4)j+(z+ Tk = A(=2i — 5] + 13k) 41. x+y-z=2
True 43. True 44. False 45. False
True 47. True 48. False 49. True
12.3 EXERCISE

42 2. 4 3. 47 4. =30
196 6. 43 7. 21 8. 47
Minimum value =3 10. Maximum =9, minimum =3 —

7
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11.

12.

13.

14.

15.

16.
17.
19.

20.

22.
23.
25.
26.
30.
34.
38.
42.

MATHEMATICS

Maximise Z = 50x+ 60y, subject to:

2x+y<20,x+2y<12,x4+3y<15,x20,y20
Minimise Z =400x+200y , subject to:

5x+2y=30
2x+y<15
x<y, x20, y=20

Maximise Z = 100x +170y subject to :

3x+2y<3600, x+4y<1800, x>0, y=0
Maximise Z = 200x+120y subject to :
x+ y<300, 3x+ y<600, y<x+100,x 20, y=0
Maximise Z = x+ y, subject to
2x+3y<120,8x+ 5y <400, x=0,y=0
Type A : 6, Type B : 3; Maximum profit = Rs. 480
2571.43 18. 138600
150 sweaters of each type and maximum profit = Rs 48,000

2 10
4= km. 21. 37
Model X : 25, Model Y : 30 and maximum profit = Rs 40,000
Tablet X : 1, Tablet Y : 6 24.Factory I : 80 days, Factory II : 60 days
Maximum : 12, Minimum does not exist
B 27. B 28. A 29. D
C 31. D 32. D 33. A
B 35. Linear constraints36. Linear 37. Unbounded
Maximum 39. Bounded 40. Intersection 41. Convex
True 43. False 44. False 45. True
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13.3 EXERCISE
) 25
1. Independent 2. notindependent 3. 1.1 4. 56
5. PE)= 1. P(E): - P(G) = - no pairis independent
. BETE TS = 36,nopalrlsm ependen
B S L B g 33
L) () 5 (D) 5 () 3 T
9. (M E, and E, occur
(i) E, does not occur, but E, occurs
(iii) Either E, or E,, or both E, and E, occurs
(iv) Either E, or E, occurs, but not both
1 23 3 1
10. (@) 3,(11) 13 12. > 13. Rs 0.50 14. 10
15. E ion = Rs 0.65 16 ﬁ 17 7
. Expectation = Rs 0. 193 T
18 2 19 ! 20 i 21 7
9 © 270725 " 16 T 128
22 ﬁ 23. 1= 28 24. (i) .1118 ii) .4475
" 310 . 10 . (). (i1) .
25. (@ 3 w2 L 1 26. 0.7 27. 0.18
. () 5 (i1) 5 15,(111) . 0.7 (approx.) . 0.
1
28. ) 29. X 0 1 2
P(X)|.54 | 42| .04
(49Y° 45(49) 59(49)°
31‘ (1) 50 (ll) (50)10 (lll) (50)10
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32 l 33 i
"3 T 44
35. |X 112[3(4|5]/6

P(X)|36]36 |36 |36 36|36

36 —l 37 @

- P 2 T 324
39. notindependent
43. (i) 0.49, (ii) 0.65, (iii) .314
46 l 47 @

"3 T 221
49 i i

. @) 50
51 i)4.32, (i1) 61.9, (iii E

. (1)4.32, (11) 61.9, (ii1) 2

2

53. Mean :B’ S.D. =0.377
55. Mean = 6, Variance = 3
56. C 57. A
60. C 61. D
64. C 65. D
68. C 69. D
72. C 73. C
76. B 77. D
80. D 81. B
84. A 85. B
88. D 89. D

MATHEMATICS

34.

T
41. (1) ﬁ’ (i1)
44.

48.

, (i) 5.2, (iii) 1.7 approx.)  50.

52.

54.

58.
62.
66.
70.
74.
78.
82.
86.

90.

9

p-1

n-1

775

7776

11 oo E a2
18 BORTRIC T
11 T2
S

11

(i) 3, (ii) 19.05

10

I

2
D 59. C
B 63. D
D 67. D
D 71. D
C 75. B
C 79. A
C 83. C
A 87. C
A 91. B
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92. D
96. False
100. True

104. =
3

107. £p, x

93.
97.
101.

105.

- (Zpixi )2

False

True

94.
98.
102.

106.

108.

False
True

False

1

10

independent

95.
99.
103.
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True
True

True
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